RELATIVE LOG CONVERGENT COHOMOLOGY AND 
RELATIVE RIGID COHOMOLOGY III 

ATSUSHI SHIHO 

Abstract. In this paper, we prove the generic overconvergence of relative rigid 
cohomology with coefficient, by using the semistable reduction conjecture for over- 
convergent i^-isocrystals (which is recently shown by Kedlaya). 
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Introduction 

Let k be a perfect field of characteristic p > 0, let V be a complete discrete 
valuation ring of mixed characteristic with residue field k endowed with a lift of 
Frobenius a : V — > V and let X be a scheme separated of finite type over k. 
Then, as we wrote in the introduction in the previous paper [Sh4], it is expected 
that the correct p-adic analogue on X of the notion of the local systems (or smooth 
Qrsheaves) should be the notion of overconvergent F-isocrystals. Based on this 
expectation, Berthelot conjectured in [Be2] that, for a proper smooth morphism 
/ : X — > Y of schemes of finite type over k and an overconvergent F-isocrystal £ 
on X, the higher direct image of £ by / (= relative rigid cohomology) should have a 
canonical structure of an overconvergent F-iso crystal. A version of this conjecture 
was proved in [Sh4]. 

The purpose of this paper is to consider the analogue of Berthelot's conjecture in 
the case where the given morphism / : X — ► Y is no longer proper nor smooth. In 
this case, we cannnot expect that the relative rigid cohomology of £ has a structure 
of an overconvergent F-isocrystal on Y, because the higher direct image of an local 
system on X should be only a constructible sheaf on Y in this case. However, since a 
constructible sheaf is a local system on a dense open subset, it is natural to conjecture 
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that the relative rigid cohomology of 8 has a structure of an overconvergent F- 
isocrystal on a dense open subset of Y. The purpose of this paper is to prove 
that a version of this conjecture is true, if we admit the validity of the semi-stable 
reduction conjecture for overconvergent F-isocrystals, which was first conjectured in 
[Sh2, 3.1.8] as a higher-dimensional analogue of quasi-unipotent conjecture (= ap- 
adic local monodromy theorem of Andre ([A]), MebkhoutQM]) and Kedlaya([Kel])). 
We would like to note that this result is already proved in the previous paper [Sh4] 
in the case where / is proper, without any conjectural hypothesis. So the main point 
in this paper is to treat the case where / is not proper. 

Now we explain our conjecture and the main result in this paper in detail. Let 
us put S := Spec k, S := Spf V and assume that all the pairs (resp. all the triples) 
are separated of finite type over (S,S) (resp. (S,S,S).) (As for the terminology 
concerning pairs and triples, see [Ch-T], [Sh3], [Sh4].) Then the precise form of our 
conjecture is as follows: 

Conjecture 0.1. Assume given a morphism of pairs f : (X,X) — ► (Y, Y) such 
that X — > Y is proper. Then there exist an open dense subset U C Y and a 
subcategory C of the category of (U, Y) -triples over (S, S, S) such that, for any over- 
convergent F-isocrystal £ on (X, X)/Sr and for any q > 0, there exists uniquely an 
overconvergent isocrystal T satisfying the following condition: For any (Z, Z, Z) e C 
such that Z is formally smooth over S on a neighborhood of Z , the restriction of T 
to F((Z,Z)/S K ,Z) is given functorially by (R q f( X x Y z,xx-z)/z,ri g *£i e )> where e is 
given by 

P2R 9 f(Xx Y Z,Xx Y ~Z)/Z,rig*£ ~ ¥ R 9 f(Xx Y Z,Xx Y ~Z) /Zx s Z, rig*^ *~ PlR? f(Xx Y Z,Xx Y ~Z)/Z,rig*£ 

(Here l\[Z, Z)/Sk, Z) denotes the category of overconvergent isocrystals on (Z, Z)/ 
S K overZ, R q f ( xx Y z,Xx-z)/z,n g * £ iR q f(Xx Y zJxyZ)/Zx s z,n g * £ are relative rigid co- 
homologies and Pi is the morphism ]Z[ ZxsZ — *\Z\z induced by the i-th projection.) 
Also, T admits a Frobenius structure which is induced by the Frobenius structure of 
S. 

Remark 0.2. (1) One can also consider a stronger version, which requires the 
category C to be the category of all the (Y, F)-triples over (S, S, S). 
(2) If / is strict (that is, f~ l (Y) = X holds), then Conjecture 0.1 is shown in 
[Sh4]. 

Then the main result in this paper is as follows (for more precise form, see Corol- 
lary 5.3(1)): 

Theorem 0.3. Conjecture 0.1 is true. 

In the proof of Theorem 0.3, we use the semi-stable reduction conjecture of over- 
convergent F-iso crystals, which is recently proved by Kedlaya ([Ke4], [Ke5], [Ke6], 
[Ke7]) for £ . In fact, this is the only place where we use the Frobenius structure on £. 
So we can also form a variant of Theorem 0.3 without using Frobenius structure, by 
introducing the notion of 'potentially semi-stable overconvergent isocrystals'. (See 
Theorem 5.1.) We remark also that we can state the theorem in such a way that 
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claims 'a kind of constructibility' of relative rigid cohomology. (See Corollary 5.2, 
Corollary 5.3(2).) 

Now we give an outline of the proof of Theorem 0.3 and explain the content of 
this paper. Roughly speaking, the semi-stable reduction conjecture for overconver- 
gent F-isocrystals claims that any overconvergent F-isocrystal should be extendable 
to the boundary logarithmically after taking pull-back by a certain proper surjec- 
tive generically etale morphism. So, as a first step, we consider the coherence and 
the overconvergence of relative rigid cohomology in the case where the morphism 
/ : X — > Y admits a nice log structure, that is, the case where / comes from a 
nice morphism of log schemes (X, — > (Y, My). In Section 1, we give a review 
of the residues of log-V-modules and isocrystals which are developed in [Ke4] and 
prove some preliminary facts which we need in Section 2, where we prove the coher- 
ence and the overconvergence of the relative rigid cohomology of (X, X) — ► (Y, Y) 
in the above-mentioned case. Let D be the closure of f~ l (Y) — X in X. (In 
'nice case' we are treating, X is smooth over k and D is a normal crossing divisor 
in X.) In this case, we prove the overconvergence of the relative rigid cohomol- 
ogy of (X, X) — > (Y, Y) by relating it to the relative log analytic cohomology of 
(X, M^) — > (Y, My) via an intermediate cohomology, the relative log rigid co- 
homology of ((X - D, M X | T _ D ), (X, Mj)) — ► (Y, My): We compare the relative 
rigid cohomology of (X, X) — ► (Y, Y) with the relative log rigid cohomology of 
((X — D, My\x-d)-> {X, Mj)) — > (F, My) by the method which is a generalization 
to the relative case of what we have developped in [Sh2, 2.4], and we relate the 
relative log rigid cohomology of ((X - D, M X | X _ D ), (X, M x )) — ► (F, My) to the 
relative rigid cohomology of (X, X) — > (Y, Y) by the method we have developped 
in [Sh3, §5]. In Section 3, we prove the invariance of relative log analytic cohomol- 
ogy under log blow-ups. We need this property in the proof of the main theorem, 
mainly by technical reason. In Section 4, we prove a result of altering a given proper 
morphism X — > Y of schemes over k endowed with an open subscheme ICXto 
a certain simplicial morphism of schemes whose components admit nice log struc- 
tures, by using results of de Jong [dJl], [dJ2]. The results in this section is a slight 
generalization of what we have shown in [Sh4, §6]. This result allows us to reduce 
the proof of the main theorem to the case we considered in Section 2. In Section 5, 
we prove the main result by combining the results in the previous sections, by the 
method analogous to [Sh4, §7]. 

The author is partly supported by Grant-in- Aid for Young Scientists (B), the 
Ministry of Education, Culture, Sports, Science and Technology of Japan and JSPS 
Core-to-Core program 18005 whose representative is Makoto Matsumoto. 

Convention 

(1) Throughout this paper, k is a field of characteristic p > 0, V is a complete 
discrete valuation ring of mixed characteristic with residue field k, and K is the 
fraction field of V. Note that we will assume that k is perfect in some results. In 
particular, as we will write in the text, we will assume that k is perfect in Sections 
4, 5. We put S := Spec A; and S := Spf V. Let us fix a power p a of p and assume 
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that we have an endomorphism o : V — ► V which is a lift of p a -th power Frobenius 
endomorphism on k. (However, we need the existence of a only when we speak of 
Frobenius structures on isocrystals.) All the log formal schemes are fine log (not 
necessarily p-adic) formal schemes which are separated and topologically of finite 
type over S. We call such a log formal scheme a fine log formal iS-scheme. If it is 
p-adic, we call it a p-adic fine log formal iS-scheme. If it is a log scheme, we call it a 
fine log 5-scheme, and if it is defined over S, we call it a fine log formal S'-scheme. 
If the log structure is fs, we replace 'fine' by 'fs' and if the log structure is trivial, 
we omit the word 'fine log'. 

(2) For a formal iS-scheme T, we denote the rigid analytic space assocated to T 
by T K . 

(3) In this paper, we freely use the terminologies concerning log structures defined 
in [Kal], [Shi] and [Sh2]. For a fine log (formal) scheme (X,M X ), (X,M x ) triv 
denotes the maximal open sub (formal) scheme of X on which the log structure M x 
is trivial. A morphism / : (X, M x ) — > (Y, M Y ) is said to be strict if f*M Y = M x 
holds. 

(4) In this paper, we freely use the notations and terminologies concerning (log) 
pairs, triples, isocrystals on relative log convergent site, overconvegent isocrystals, 
relative log analytic cohomologies, relative rigid cohomologies and relative log rigid 
cohomologies which are developped in the previous papers [Sh3] , [Sh4] . All the pairs 
in this paper are separated of finite type over (S, S) and all the triples in this paper 
are separated of finite type over (S,S,S). Frobenius structures on isocrystals are 
always the ones with repsect to a defined in (1). 

(5) Fiber products of log formal schemes are taken in the category of fine log formal 
schemes. 

I. Residues of log-V-modules and isocrystals 

In this section, we give a review of definitions and results by Kedlaya [Ke4] on log- 
V-modules and isocrystals and prove some preliminary results on the residue of log- 
V-modules and isocrystals. Finally, we recall the semi-stable reduction conjecture 
for overconvergent F-isocrystals. 

First we recall the definition of log-V-modules and the residues of them ([Ke4, 
2.3]). Let / : X — ► 2) be a morphism of rigid analytic spaces over K and let 
xi,---,x r G r(X,Ox). Then we define the relative differential module by 
^x/k/ f*^%)/K (where &x/ki ^]q/k denotes the sheaf of continuous differential forms 
of X, 2), respectively) and we define the relative log differential module Wx/%) (which 
is denoted by ti^fy in [Ke4]) by 

r 

<4/s) : = ® e>*dio g ^)/7v, 
i=i 

where N is the sub Cx-module locally generated by (dxi,0) — (0, XjdlogXj). A log- 
V-module (E, V) on X with respect to xi, ■ • • ,x r relative to 2) is a locally free 
Ox-module E endowed with an integrable log connection V : E — ► E ®o x 
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When 2J = Sk holds, we omit the word 'relative to 2)'. If we put Di := {xj = 0} C X 
and Mi := Im(QLg © ©j^i C^xdlogXj — > ^x/vy) (-*■ — * — r )' tne composite 

E ^E® 0x ux/y — ► E ® 0x (ux/y/Mi) = E ® Gx O^dlogx; = E ®o x Zi 

naturally induces an element of End^j, (E®o x QdJ- We call this element the residue 
of (E, V) along !Dj. (E, V) is said to have nilpotent residues if the residue of (E, V) 
along Di is nilpotent for all 1 < i < r. We denote the category of log-V-modules 
on X with respect to x±, • • • ,x r relative to 2J having nilpotent residues by LNM^/g. 
When 2) = S K holds, we write LNM X instead of LNM x/?) . 

Remark 1.1. The log differential module and the residues of log-V-modules 
are unchanged if we replace Xj's by -UjXj's for some Ui G r(X, 0%) (1 < i < r). 

Following [Ke4, 3.1], we call a subinterval / of [0, oo) aligned if any endpoint at 
which it is closed is in p^ U {0} (it is equal to V* in [Ke4] in our case) and for an 
aligned interval J, we define the polyannulus A^(I) by 

:={(t u --- ,t n )\t t el(l<t<n)}. 

Let X be a smooth rigid space endowed with sections xi, • ■ • , x m G r(X, Ox) whose 
zero loci are smooth and meet transversally. For an aligned interval I with 0^1 
and rj G [0, oo), a log-V-module (E, V) on X x A^(I) with respect to xi, ■ • • , x m is 
called 77-convergent with respect to t 1: ■ ■ • ,t n if, for any e G r(X x A^- (/),£), the 
multisequence 

1 d h d in , 



^ilH Yin 



i 1 \i 2 \---i n \dt\ 1 dfy 
converges to zero. (cf. [Ke4, 2.4.2]. We slightly changed the terminology in order 
to make it shorter.) For a G p Q<0 U {0}, a log-V-module (E, V) on X x A n K \a, 1) or 
X x A\[a, 1) with respect to xi, • ■ • , x m , t±, ■ • • ,t n is called convergent if, for any 
i] G (0, 1), there exists some b G (a, 1) H such that, for any c G [b, 1) H p 1 ^, V) 
is 77-convergent with respect to ti, • • ■ , t n on X x c] ([Ke4, 3.6.6]). 

Let X, Xi, • • • , x m be as above and let / be an aligned interval. Then (E, V) G 
LNMxxA n (/) (here X x A^-(J) is endowed with sections Xi, • • • , x m: t 1: --- ,t n ) is 
unipotent relative to X if there exists a filtration of (E,W) by sub log-V-modules 
such that each graded quotient is again a log-V-module and has the form 7r*(F, V_f) 
(it denotes the projection X x A^(I) — > X) for some log-V-module (F, Vf) on X 
with respect to xi, • • • , x m ([Ke4, 3.2.5]). 

Then, by [Ke4, 3.6.2, 3.6.9], we have the following: 

Proposition 1.2. Let a G p Q<0 , let X be a smooth rigid space endowed with sections 
xi, • • • , x m G r(X, Ox) whose zero loci are smooth and meet transversally and let 
(E, V) be an object in LNM^xA™ (a,i) which is convergent. Then (E, V) is unipotent 
relative to X if and only if it extends to an object (E,V) in LNM^xA™ [0,1) ■ Moreover, 
the extension is unique and (E, V) is also unipotent relative to X. 

Next, let X be a smooth scheme over k, let D := UI=i -D? be a simple normal 
crossing divisor in X (each Di is assumed to be smooth) and let Mx be the log 
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structure on X associated to D. Let 8 be a locally free isocrystal on log convergent 
site (X/S) l °^ nv = ((X, M x )/S) COIW . Zariski locally on X, we can form the Cartesian 
diagram 

D — V 

(1.1) n n 

X — A", 

where all arrows are closed immersions, A is a p-adic formal S scheme formally 
smooth over S with X x s S = X and V = \Jl =1 T> i is a relative simple normal 
crossing divisor on X (each Vi is assumed to be formally smooth over S) such that 
T>i x s S = Di holds and that each T>i is defined by a single element U G r(,Y, (9*). 
Then, £ induces a log-V-module on = with respect to £i, • • • , t r . £ is said 
to have nilpotent residues if there exists an open covering X = \Jj Xj such that 
each Xj admits a diagram like (1.1) (with X replaced by Xj) and that the induced 
log-V-module on X K has nilpotent residues ([Ke4, 6.4.4]). 

Keep the notation in the diagram (1.1) and let S be a locally free isocrystal on 
(X/S) 1 ^^ having nilpotent residues such that the induced log-V-module (E, V) 
on Xk = }X[x with respect to t±, ■ ■ ■ ,t r has nilpotent residues. For a subset / of 
{1, • • • , r}, we define Dj := f] i€l Di,T>i := f] ieI Vi. Then, we can restrict (E, V) to 

P/U = ] J D/kx^ l [0,l)(=P / ^ x AW[0,1)). 

(The coordinate of a£'[0, 1) is given by ^ (i G /).) Then we have the following: 

Proposition 1.3. (E,V)\^ D ^ x a w [oi) ^ s unipotent relative to ]Dj[ Vl . 

Proof. We may work Zariski locally on X. So we may assume that X : = Spf A 
is afline and X admits a formally etale morphism / : X — > Spf V{t\, ■ ■ ■ ,£„} for 
some n>r such that the image of tj G V{t\, ■ ■ ■ , £„} in T(A', is the element t { 
defined above for 1 < % < r. Let M x be the log structure on X associated to T> and 
let (X(l), M X{1) ) := (X, M x ) x s (X, M x ). Then we have the morphism 

f(l):X(l)^StfV{t?\---,t£\t?\..-, t W} 
naturally induced by /. Let us define ^(1)' by 

X(1)':=X(1) x MV{t (i),.. > 4 | i) >4 PO,.. >t PO } SpfVO? ) ,... uf\... 

where ttj := tf^ /tf^ (1 < i < r), Mj := t-^ + l (r + 1 < i < n) and let M^iy be the log 
structure on X(l)' associated to the pre- log structure N r — ► X (iy] (mi, • • • , m r ) i— > 

t (l)mi _ ^(i)m^ Then closed 

immersion (X,Mx) (A'(l), M^(i)) (induced by 
X <^-> A and the diagonal map A <^-> X{\)) naturally factors as 

(X,M X ) - (*(1)',M* (1) ,) — (*(1),M* (1) ), 

where the first map is an exact closed immersion and the second map is formally 
log etale. So we have ]X[w 1 - ) =]X[a , (i)'. 
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Let Pi :]X^ g ^=]X[x(iy — *\X[x (i = 1,2) be the projection. Then 8 induces the 

isomorphism e : p* 2 E P*E. If we denote the completion of X(l)' along X by 

X(l) , the morphism X{1) — ► X induced by the first projection X(l) — > X has 
the form Spf A[[ui — 1, • • • , u n — 1]] — ► Spf A. So, the morphism p 1 can be identified 
with the projection 

}X[ x xA n K [0,l) — 

where the coordinate of A£-[0, 1) is given by u— 1 (1 < % < n). By this identification, 
the isomorphism e can be written as 



E 



nn 

,-n-0 \j=l 1=0 



_d_ 




by [Ke4, 6.4.1], [Kal, 6.7.1]. (There is a slight mistake in [Ke4, 6.4.1].) So the 
multisequence 



i 



i x \ ■■■% n \ 



n n i*j^7 



n ,. 



iiH Pin 



converges to zero for any e G r(]X[^, -E) and £ G [0, 1). 

Now we consider the restriction of (E,W) to J-D/^j xA^'[0, 1). For any 

r] G [0,1), take any c G (y/rj,l) fl Then, on ]D I [ Vl xA^[y/rj,c}, we have the 
following inequality for any ij G N (j G J) and e G r(]X[^, -E 1 ): 

l 



n 



<9 



9*. 



-Z 



1 



n 



> 



n 



11- %7/' ; 



(e) 



r/ 



Since the multisequence (with respect to ij (j G /)) on the left hand side of the 
above inequality converges to zero, the multisequence on the right hand side of the 
above inequality also converges to zero. Since the trivial log-V-module (O, d) on 
\Di\vj x A^x [y 7 ?/, c] is ^-convergent with respect to tj (j G /) by [Ke4, 3.6.1], we can 
show (by using Leibniz rule) that the multisequence on the right hand side of the 
above inequality converges to zero for any e G r(]Dz[v I 'xA^[y/Tj, c], E). So the log- 
V-module (E,V)l n r ^mrn-n i s convergent. Since it has nilpotent residues, it is 

unipotent relative to ]D I [v I by Proposition 1.2. □ 

We define the notion of 'having nilpotent residues' for isocrystals in a slightly 
generalized situation. 

Definition 1.4. Let X be a smooth scheme over k and let D be a normal cross- 
ing divisor on X . (D is not necessarily a simple normal crossing divisor, that is, 
some irreducible component of D may have self-intersection.) A locally free isocrys- 
tal £ on (X/iS)j,°f lv is said to have nilpotent residues if there exists an etale covering 
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]Jj Xj — ► X such that each Xj admits a diagram like (1.1) (with X replaced by Xj) 
and that the induced log-V '-module on Xk has nilpotent residues. 

We prove the compatibility of the above definition with [Ke4, 6.4.4] and the 
fact that the above definition is independent of the choice of an etale covering 
II X, — > X and diagrams like (1.1). First we recall the notion of admissible closed 
immersion ([Na-Sh, 2.1.7]). (We also introduce the notion of strongly admissible 
closed immersion.) 

Definition 1.5. Let X be a smooth scheme over k, let D = U[=i Di be a simple nor- 
mal crossing divisor (where Di are smooth divisors) and denote the log structure on 
X associated to D by M x . Then, an exact closed immersion (X,M X ) (X,M X ) 
into a p-adic fine log formal S-scheme (X, Mx) is called an admissible closed im- 
mersion if X is formally log smooth over S, the log structure Mx is induced by a 
relative simple normal crossing divisor V = \J r i=1 T>i (where T>i are formally smooth 
over S) such that Di = X x x T>i holds. Moreover, it is called a strongly admissible 
closed immersion if each T>i is defined by a single element ti G T(X, Ox)- 

Let the notation be as above and assume that (X, M x ) (X, M x ) is a strongly 
admissible closed immersion. Then an isocrystal £ on (X/S) 1 ®^ induces a log-V- 
module on ]X[x with respect to ti, • • • , t r . 

Lemma 1.6. Let X be a smooth scheme over k, let D = Ui=i D± be a simple normal 
crossing divisor (where T>i are smooth divisors) and denote the log structure on X 
associated to D by M x ■ Let us assume given the following diagram 

(X>,M X ,) -iU (X\Mx>) 

(1.2) / 9 

(X,M X ) — !— (X,M X ), 

where f is a strict etale morphism, are strictly admissible closed immersions and 
Mx (resp. Mx>) is induced by a relative simple normal crossing divisor V = {£ =1 T>i 
(resp. V := ULi^D with 9* V i = V 'i and let U € T(X,O x ) (1 < % < r) be an 
element defining TV Let (E, V) be a log-V -module on ]X[x with respect to ti, • • • , t r 
and denote the pull-back of (E,V) by the morphism ]X'[x> — v \X\x induced by g by 
(£", V'). Then we have the following: 

(1) If (E,V) has nilpotent residues, (£", V') also has nilpotent residues. 

(2) If the homomorphisms VQD i [ D .,0 ]D . h3i ) — > r(]£>^, ]D%I ) (1 < % < r) 

induced by g are all injective, the converse is also true. 

Proof. The residue of (E, V) along }D i [ Di (= zero locus of ti) is sent to the residue 
of (£", V) along }D' i [ T> ^ by the homomorphism 

i 

induced by g, and this map is injective if the map 

r(]Di[ Vi ,o mVi ) ^r(]D^,o m j 
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is injective. The assertion of the lemma is easily deduced by these facts. □ 

Lemma 1.7. The condition in Lemma 1.6(2) is satisfied in the following cases. 

(1) The case where f is the identity map and g is strict formally smooth. 

(2) The case g is formally etale, the diagram (1.2) is Cartesian and the images 
of the morphisms D[ := X' Xx Di — ► Di induced by f are dense for all 
1 < % < r. 

Proof. First we prove (1). We may work Zariski locally. Let T> h V' i be the completion 
of V^V'i along Di and assume that T>i = Spf A is afflne. Then, by [Sh3, 2.31], we 
have the isomorphism V[ = Spf • • • , x n ]\ for some n Zariski locally on XV So 

the map 

r (]Ak,%b,) = m,K, O d J — T(V hK x Al[0, 1), O diKxAmi) ) 
= T{V[^O d )=T{}D^O ]D ^) 

is injective. 

Next we prove (2). We may assume that T>i is afflne. Let X>j, X>^ be the completion 
of T>i 1 V i along D i: D\ respectively. Zariski locally on X>j, we can take a Cartesian 
diagram 

Di — V t 

Spec k[xi, ■ ■ ■ , x m \ — ^— > Spf V{xi, • • • , x n } 

for some m < n, where the right vertical arrow is formally etale and the lower 
horizontal arrow is defined by x m+ i — ■ ■ • — x n — and the closed immersion 
Spec k Spf V. Let us define V i C T>i as the zero locus x m+1 — ■ ■ ■ — x n — 0. 
Then T> i:0 is formally smooth over S and D, L = V ifi x s S holds. Moreover, we have 
the isomorphism X>j = Spf A[[x m+ i, • • • ,x n ]\, where X^o := Spf A. So we have a 
retraction X>j — > X^o defined by the natural inclusion A A[[x m+ i, • • • ,x n ]]. Let 
X>^ — > T>ifi be the unique formally etale morphism lifting D[ — ► Di. Then both 

D'i — > T>i and T>\ Xp. X>j — ► X>j are formally etale morphisms lifting XH — > Di. 
So they are isomorphic. So we have r(X>^, O^,) = T(V' ifi , Ov'. )§)AA[[x m+ i, • • • , x n ]]. 
Hence, to prove that the map 

r(]Ak, 0, A[D4 ) = T(V iiK , % k ) = Y{V^ K x A n K ~ m [0, 1), O^x^-p,!)) 

— ^(p;^ x A n K ~ m [o, i), o^^n-p,!)) = r(v' i:K , o d ,j = T(]D' t [ v ,, o m j 

is injective, it suffices to prove that the map r(X>j )0) ^, Vi K ) — > r(X>^ oi<: , O v > k ) 
is injective. Using the formal etaleness of V i0 — > T> i , the denseness of the image 
of D\ in Di and the p-torsion freeness of r(T> it0 , Ov ifi ) and T(V' ifi , Ov 1 . ), we see 
easily the injectivity of the map T(T>ifi t K, Ov l „ K ) — ► F(T>' i Q K ,OT>'. )■ So we are 
done. □ 
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Lemma 1.8. Let us assume given a diagram (1.2) and assume that g is formally 
smooth and that the images of the morphisms D\ := X' x x A — > A induced by 
f are dense for all 1 < % < r. Then (E,V) has nilpotent residues if and only if 
(£", V) has nilpotent residues. (Here (E, V), (£", V) are as in Lemma 1.6.) 

Proof. We may replace (X',M X i) by a Zariski open covering of it. So we may 
assume by [Sh2, claim in p. 81] that there exists a strict formally etale morphism 
(X",M X „) — > (X,M X ) such that (X',M X ,) = (X,M X ) x {XMx) (X",M X „) holds. 
Let us put (X'", M X nt) := (X f , M x >) x {x,m x ) {X", M x »), and let us denote the restric- 
tion of (E,V) to ]X'[x»,]X'[ x ,„ by (E" , V"), (£"", V"), respectively. Then (£, V) 
has nilpotent residues if and only if so is (£"', V") by Lemma 1.6 and Lemma 1.7(2), 
and (E", V") has nilpotent residues if and only if so is (£"", V w ) by Lemma 1.6 and 
Lemma 1.7(1), and (£"", V'") has nilpotent residues if and only if so is (£", V) again 
by Lemma 1.6 and Lemma 1.7(1). □ 

Proposition 1.9. Let X be a smooth scheme over k, let D be a normal crossing 
divisor on X and denote the log structure associated to D by M X - Let us assume 
given a diagram 

(X',M X .) — U (X>,M X ,) 
f 

(X,M X ), 

where f is a strict etale morphism and i is a strongly admissible closed immersion. 
Let V = U T>\ be relative the simple normal crossing divisor on X' associated to M x > 
such that each T>[ is a formally smooth divisor defined by ti G T(X', O x >) (1 < % < r) 
and put D\ :— X' x x T>i. Let £ be a locally free isocrystal on (X/iS)j,°^ v and denote 
the log-V '-module on ]X'[ X i with respect to ti, • • • , t r induced by £ by (E, V). Then, if 
£ has nilpotent residues in the sense of Definition (E,V) has nilpotent residues 
and it is unipotent on 

(1.3) ]^[^-]^[^xA@[0,l) 

for any I C {1, • • • ,r} {where D\ := fligj^, V\ := Hiei^d- 

Proof. Let us take a strict etale covering ]Jj(Xj, M x .) — >■ (X, M x ) and a strongly 
admissible closed immersions (Xj,M x ) ^ (Xj,M Xj ) such that the log-V- module 
(Ej,Vj) on induced by £ has nilpotent residues. (There exists such mor- 

phisms by the definition of 'having nilpotent residues' for isocrystals.) Let us put 
(X'^Mx.) := {X',M X .) x { x,m x ) (Xj,M Xi ). By replacing (Xj,M x .) by Zariski 
open covering of it, we may assume that there exist strict formally etale mor- 
phisms (y, My) — > (X', M X i) and {y j , My.) — > (Xj, M x .) such that (Xj, M x .) = 
(X',M X ,) x.(x>,m x ,) (y',M y ) = (Xj,M Xj ) X( Xj , Mx .) 0^3, My.) holds. Moreover, 
we may assume that the closed immersions (XLM X '.) ^ (y, My), (XL M x >) <^-> 
(yj, My.) are strongly admissible closed immersion and that the relative simple nor- 
mal crossing divisor C, Cj on y' , yj corresponding to the log structure My/, My j has 
the same number of irreducible smooth components. Let us put C := U|=i C[, Cj : = 
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{fi=\Cj,i- Then let us define {y'pMyi) to be 'the logarithmic product' of (y',Myi) 
and (yj, My.) over S: That is, we define y'j by 

y' 3 : = (blow-up of y' x s y j along (J (pr^) n prj 1 ^))) 

i=i 

s 

— y (strict transforms of pr 1 ~ 1 (C-) and prJ^C,^)) 
i=i 

and define the log structure My to be the log structure associated to the inverse im- 
age of C (which is equal to the inverse image of Cj). Then we have the commutative 
diagram 

(X',M X ,) < UjiX'^Mx.) > Uj(X 3 ,M Xj ) 



(X',M X .) 



(y'i,My,) 



(Xj,M. 



where the vertical arrows are (the disjoint union of) strongly admissible closed im- 
mersions, the upper horizontal arrows are strict etale surjective morphisms and the 
lower horizontal arrow are strict formally smooth morphisms. 

Let (EpVj) be the restriction of (E, V) to which is the same as the 

restriction of (Ej,Vj) to Then, by Lemma 1.8 and the nilpotence of the 

residues of (Ej, Vj), (E'j, V'j) has nilpotent residues, and by using Lemma 1.8 again, 
we see that (E, V) has nilpotent residues. So we have proved the former assertion 
of the proposition. 

Next we prove the latter assertion. We may work Zariski locally on X' by [Ke4, 
3.3.5]. So we may assume the existence of a Cartesian diagram 



X' 



Spec k[ti, 



X' 



5 t"m\ 



^ SpfFOi, 

for some r < m < n, where the right vertical arrow is formally etale, the lower 
horizontal arrow is defined by t m+ i — • • • — t n — and the closed immersion 
Spec k Spf V and each V[ (1 < % < r) is the zero locus of tj. Let Xq be the zero 
locus t m+ i — • • • — t n — in X', denote the completion of X', Xq along D\ by X' , Xq, 
respectively and denote the pull-back of Vj to X ', Xq by V' I: T>' 0I , respectively. 

For disjoint subsets L, L' of {1, • • • , n}, let us define := Spec k[ti (i G L)], Ay L 
:= Spf V{ti(i e L)}[[U(i e L')\\. Then, if we put I c :— {1, • • • ,m} — I,J := {m 
+ 1, • • • , n}, we have the following Cartesian diagrams 

C -Z7, C -ZT, r^l C ^, C 



(1.4) 



Xq 



X' 



T) 1 



A 



i c ,i 
v 



-A?'™, Af 



A 



v 



A 



i c ,j 
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where the vertical arrows are formally etale and the horizontal arrows are natural 
closed immersions. Let us define the morphisms 



SI 



Ay' 6 



A 



I C ,IUJ 

v 



Ay' J 



I c ,Il)J 

v 



as the morphism induced by the natural inclusion of rings of the form V{U (i G 
L)}[[U{i e L')]] V{U(i e L)}[[U(i e L")\\ {V C L"), and let us put s :-- 
si o s'j = sj o s'j. Then, both V' 0I x-/^« s A V ' IUJ — > A V ' IUJ ,X' — 

are formally etale morphism lifting the morphism D\ — > A[, c . So there exists an 
isomorphism T>' 0I x^/c j0 g A v ' u = X' over Ay' u , and it induces the isomorphisms 

V'oj x^/ C ,0 si Ay' 1 = Xq, V' oi x X / C , sj Ay' J = V'j. Thus we have the isomorphisms 



<p : Xl — > V' I x 2 ,c, si A^ — > x y A B /, 



3,J 



: A" - 

Let us define the morphisms by 



vr : V\ ^ V' 0J x^ ; , 0jsj A 7 y C ' J ^ P^, 



^' • Y 1 -, fV s, A I C ,IUJ idx <7 ^j/ v *?-f c ,-f - y? 

Then we have the commutative diagram 

X' — 2^ Xy A ' 7 



rxid 



2* P^XyA^ 

and it induces the commutative diagram of rigid spaces 

W\*> ]2%jx4J[0,l) 



xid 



]^K 7 X^[0,1). 



Let (E , Vo) be the log-V-module on with respect to t±, • • • ,t r induced by 

£. Then it is unipotent on jDj^^xA^'fO, 1) relative to }D' I [ v i o / by Proposition 1.3. 

By pulling-back by ir K x id, we see that (E, V) is unipotent on ]-D/[x^ x [0, 1) 
relative to ]-D/[z^- So we have proved the latter assertion of the proposition. □ 

Corollary 1.10. Let X be a smooth scheme over k, let D be a normal crossing 
divisor on X , let Mx be the log structure on X associated to D and let £ be a locally 
free isocrystal on {X/S) l °& nw = ((X, Mx)/S) conv . Then: 
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(1) When D is a simple normal crossing divisor, £ has nilpotent residues in the 
sense in Definition 1.4 if and only if it has nilpotent residues in the sense in 
[Ke4, 6.4.4]. 

(2) The definition of 'having nilpotent residues' is independent of the choice of 
an etale covering ]\Xj — > X and a diagram like (1.1) chosen in Definition 
l.l 

Next we prove the functoriality of the notion of 'having nilpotent residues': 

Proposition 1.11. Let X,X' be smooth schemes over k, let D {resp. D') be a 
normal crossing divisor on X {resp. X'), let M x {resp. M x >) be the log structure 
on X {resp. X') associated to D {resp. D') and let us assume given a morphism 
f : {X', Mx*) — > {X, Mx). Then, for a locally free isocrystal £ on {X/S) l °& nv having 
nilpotent residues, the pull-back f*£ of £ to {X'/S) 1 ®^ also has nilpotent residues. 

Proof. We may work etale locally on X' . So we may assume that D, D' are simple 
normal crossing divisors and that there exist strongly admissible closed immersions 
(X,M X ) — (X,M X ),(X',M X ,) — (X',M X .) satisfying (X,M X ) = {X , M x ) x s 
S, (X',M X ') = (X',M X >) x s S. Then, locally on X', we have a morphism g : 
{X', M X i) — ► {X, M x ) lifting /. Let (E, V) be the log-V-module on }X[ X induced 
by £ and let (£", V) be the log-V-module on \X'[ X . induced by f*£. Then (£", V) 
is nothing but the pull-back of (E, V) by g. We may assume that E is free on ]X[ X . 

Let V = \Jl =1 T>i (resp. V := ULi^D be the relative simple normal crossing 
divisor on X (resp. X') corresponding to M x (resp. M X i) and let tj G T{X,O x ) (1 < 
% < r) be an element defining XV For fixed % (1 < % < r), we may replace T>', X by 
T^i — Uj^i T^'ji X — Uj^i T^'j to prove the nilpotence of the residue of (£", V) along V^. 
(See the proof of Lemma 1.7.) So we may assume that V is a smooth divisor. Let 
s E T{X',O x >) be an element defining V . Since g is a morphism of log schemes, 
g*U has the form UiS nz for some Ui G T{X', O x ,) and n\ G N. 

Let us denote the residue of (E, V) along X>j by resj and let us put / := {i \ > 0}. 
For i G /, denote the map End(£ , |]D i [ E .) — >■ End(-E / |]x>'[ T) ,) (induced by / and g) by 
/*. If we put Dj := f] ieI D^Vj := f] ieI Vi, the map /*'s for i E I factors as 

End(£| ]Abi ) — > End(£?| ]2?jb/ ) — ^ End(£?'| ]2yb ,), 

where the first map is the restriction and the second map is the one induced by / 
and g which is independent of % G i\ Since (E, V) is integrable, we have resj oresj = 
resj o resj in End(£|p jb/ ). So we have /*(reSj) o f*{resj) = f*(reSj) o /*(reSj). 
Simple computation implies that the residue res' of (£", V) along ]D'[x>' is given by 
e 1— > EiG/ n «/i*( res «)( e )- Then, if we take a positive integer iV satisfying res^ = for 
1 < i < r, we have 

(reB ')Mm-i)+i = ^ n^7*(resD = o. 

E ie / m ^=^(i / i- 1 )+ 1 ie/ 

mi>0 

So we are done. □ 

Next we prove a relation between Frobenius structure and the nilpotence of 
residues. (This is already remarked, for example, in [Ke4, 7.1.4].) 
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Proposition 1.12. Let X be a smooth scheme over k, let D be a normal crossing 
divisor on X , let M x be the log structure on X associated to D and let (£, a) be 
an F-isocrystal on (X/S)^ nv = ((X, M x )/S) conv . Then £ is locally free and it has 
nilpotent residues. 

Proof. By [Sh2, 2.4.3], £ is locally free. To show that £ has nilpotent residues, 
we may assume that D is a simple normal crossing divisor, and we may assume 
the existence of a strongly admissible closed immersion (X, M x ) (X, M x ) with 
(X, M x ) = (X, M x )x s S (M x is induced by a relative simple normal crossing divisor 
V = U=i v i and v i is defined by U) endowed with a lift F : (X, M x ) — ► (X, M x ) 
of Frobenius on (X, Mx) compatible with a satisfying F*t{ — if (1 < % < r). We 
may assume that the log-V-module (E, V) on ]X[ X induced by £ is free. Moreover, 
by the same argument as the proof of Proposition 1.11, we may assume that V is 
a smooth divisor (hence r = 1). Let us denote the residue of (E, V) along }D[ V by 
res. Then, on 

}D[ x =\D[ v xA 1 K %\), 

we have, by [Ba-Ch, 1.5.3], a polynomial P(x) G K[x] such that P(res) = 
holds. Take P(x) to be minimal and monic. By considering the image of res 
in End(F*£'|]£)[ X) ), we see that P CT (p a res') = holds, where res' is the residue of 
F*(E,V) along ]D[x>. Since F*(E,'V) is isomorphic to (E,W) (via the Frobenius 
structure a), we have P°"(p a res) = 0. So P a {p a x) is equal to P(x) up to a multipli- 
cation by a non-zero constant, and so we have P(x) = x m for some m. Hence res is 
nilpotent. □ 

Finally in this section, we recall the statement of the semi-stable reduction con- 
jecture for overconvergent F-isocrystals, which is shown recently by Kedlaya ([Ke4], 
[Ke5], [Ke6], [Ke7]). 

Theorem 1.13 (Semistable reduction conjecture, Kedlaya). Let (X, X) be a pair 
over k and let £ be an overconvergent F-isocrystal on (X, X)/Sk- Then there exists 
a strict morphism of pairs (p : (X', X ) — ► (X, X) such that tp : X — ► X is proper 
surjective and generically etale, D' :— X — X' is a simple normal crossing divisor 
on X , and if we denote the log structure on X associated to D' by M^>, there exists 
an F-isocrystal T on (X'/SY^ nv = ((X', M^/)/<S) conv satisfying <p*£ = j^T, where 
is the functor of restriction to overconvergent isocrystals on (X', x')/Sk- 

As pointed out in [Ke4, 7.1.4], the conjecture remains true if we require T to 
be a locally free isocrystal (without Frobenius structure) having nilpotent residues: 
Indeed, by Proposition 1.12, any F-isocrystal on (X /5)J,°^ V is locally free and has 
nilpotent residues, and if we have a locally free isocrystal T on (X jSf^ y having 
nilpotent residues satisfying ip*£ = j^F, we can extend the Frobenius structure on 
tp*£ to that on T by using [Ke4, 6.4.5]. 

To state the main result in this paper without using Frobenius structure, we 
introduce a terminology of 'potential semi-stability' of overconvergent isocrystals: 

Definition 1.14. Let (X, X) be a pair overk and let£ be an overconvergent isocrys- 
tal on (X,X)/Sk- £ is called potentially semi-stable if there exists a strict morphism 
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of pairs if : (X', X') — > (X, X) such that (p : X' — > X is proper surjective and 
generically etale, D' := X — X' is a simple normal crossing divisor on X , and if 
we denote the log structure on X associated to D' by Myi, there exists a locally free 
isocrystal T on (X'/SY°^ nv = ((X,Mj)/5) COIlv having nilpotent residues satisfying 
tp*£ = j^J-, where is the functor of restriction to overconvergent isocrystals on 
(X',x')/S K . 

2. OVERCONVERGENCE IN LOG SMOOTH CASE 

In this section, we prove the overconvergence of relative rigid cohomology for (not 
necessarily strict) morphisms of certain pairs which admit 'nice' log structures. 
Let us assume given a diagram 

(2.1) (X, My) M (F, M 7 ) ± (y, My), 

where / is proper log smooth, i is an exact closed immersion, X, Y are smooth over 
S, Mj^ (resp. My) is the log structure induced by some normal crossing divisor 
(resp. simple normal crossing divisor) and (y, My) is of Zariski type and formally 
log smooth over S. We denote the normal crossing divisor corresponding to My 
by D. We assume moreover that D has the decomposition D = D h U D v into sub 
normal crossing divisors D h ,D v satisfying the following condition (*): 

(*): If we denote the log structure on X associated to D v by My and define 
Dm (i > 0) by 

-D[o] := X, D[i] := the normalization of D h , 
:= i-fold fiber product of over X, 

(D^j, M^loj.j) is log smooth over (Y, My) for any i > 0. 

Then we have the following comparison theorem between the log analytic cohomol- 
ogy of (X, My)/(y, My) and the log rigid cohomology of ((X - D h , My\y_ Dh ), (X, 
M Y ))/(y,M y ). 

Theorem 2.1. In the situation above, let S be a locally free isocrystal on (X/iS) c °f lv 
= ((X, My) /S) conv having nilpotent residues and denote the restriction of £ to I conv 
((X/yy° g ) by the same symbol. Assume moreover the following condition (*) : 

(*) : R q f-y/y an *£ i s a coherent O^ y -module for any q G N. 

Then, if we denote the restriction functor 

W(x/y) los ) — P(((x - D\x)/yy°z) 

by j\ we have the isomorphism 

R 9 fx/y,!m*£ * R q f(X-D^, X)/y, log-rig* J & (<7 > 0). 
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Proof. First we prove the existence of a 'nice' chart of the morphism /. (We take a 
chart Zariski locally on Y and etale locally on X.) Let us fix a chart f3 : Q — > My of 
My and restrict it to the chart (5 : Q — > My of My. (Note that we can take this chart 
Zariski locally on y.) Let us consider etale locally and assume that D h := U[=i -A 
is a simple normal crossing divisor and that Di is defined by U G F(X ,0^). Put 
D := ni=i A, M Do := M^| Do and J := Ker(O x -M^J. Then, since (D ,M Do ) is 
strict etale over (-D[ r j, M D(r] ), it is log smooth over (Y, My). So we have the following 
locally split exact sequence 

> J / j2 * U (X,Mjr)/(YMy)\ D ° > U D„/Y > 

by [Na-Sh, 2.1.3]. Since X/X 2 is freely generated by ti, • • • ,t r locally, we see that 
there exists a basis of uj)-^ . locally, consisting of a lift of a basis of uj 1 lTF 

of the form {dlogmj}^ =1 and {dti}^ =1 . Using this and argueing as in [Kal, 3.13] 



(see also [Na-Sh, 2.1.4, 2.1.6]), one can see that there exists a chart (P A M^, Q 



P. 



My, Q -4 P) of the morphism (X, M£) — > (Y, M F ) extending the given chart 

Q ^> My such that 7 is injective, |Coker(7) tor | is prime to p and that the morphism 
(X, ML) — »■ ( Y, My) factors as 

(X,M£) — > ( Y, My) x (S pecfe[Q],M Q ) (Spec/c[P©N r ],Mp|specfc[PeNi) — > (F,M F ), 

where the first map, which is induced by a and N 9 ej 1— > tj, is strict etale and the 
second map is the one induced by /3 and the composite Q — > P P © N r (which 
we denote by 7) . (For a fine monoid N and a ring P or an adic topological ring P, 
M N denotes the log structure on Spec P[iV] or Spf R{N} associated to the pre-log 
structure N — > R[N] or N — > R{N}.) By adding the log structure Mj^ associated 
to D h , the above factorization induces the following factorization of the morphism 
/ 

(2.2) _ 

(X,M Y ) — > (Y, Afy) x (S pec*[Q],M Q ) (SpecA;[P©N r ],Mp eN — > (Y, My), 
where the first map is strict etale and the second map is induced by (3 and 7. So we 

obtain a chart (P © N r -> M x , Q 4 M F , Q -4 P © N r ) of /. 
Using this chart, we can form the Cartesian diagram 

(2.3) _ 

(X,M X ) > (Y,M F ) x (Spccfc[ Q ] ,M g )(Spec/c[PeN r ],Mp ffi NO > (Y, My) 



(X,M X ) > (y, My) x (Sp{V{QhMQ) (Spf V{P (BW},M Pmr ) > (y,M y ), 

where the top horizontal line is as in (2.2), the vertical arrows are exact closed 
immersions, the lower right arrow is defined by (5 and 7, and the lower left arrow 
is a strict formally etale morphism which makes the left square Cartesian. (The 
existence of such a morphism follows from [Sh2, claim in p.81]). Since 7 is injective 
and |(Coker7)tor| is prime to p, the lower right arrow in (2.3) is formally log smooth. 
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So the morphism (X, M x ) — > (y, My) is a formally log smooth lift of (X, My) — > 
(y, My). So we have shown the existence of a formally log smooth lift of / etale 
locally on X. 

So we can take a strict etale surjective map (X^ , M— (0) ) — >■ (J,Mj) and 
an exact closed immersion (X^, M— (0 )) <^-> (Af^, My(o)) over (J 7 , My) such that 
(X^°\ M X ( )) is of Zariski type, formally log smooth over (y,My) and that (X^°\ 
M_(o)) = (F, My) x { y tMy ) (X {0) ,M X(0) ) holds. For m G N, let (X (m) ,M x(m) ) (resp. 
(X {m \ M X ( m) )) be the (m+l)-fold fiber product of (X (0) , M- (0) ) (resp. (#(°>, M^o))) 
over (X,M^) (resp. (J 7 , My)). Then we have the embedding system 

(2.4) (X, M T ) <— (X W , M_ ( .)) - M^ ( .)). 

Let us take a diagram 



(y,M r ) (y,M y , 



(2.5) 



(Y, My) — (y,M y ) 

such that t' is a homeomorphic exact closed immersion and that the induced mor- 
phism of rigid analytic spaces y' K =]Y [y — >]Y\y is an admissible open immersion. 
Let us denote the pull-back of the diagram (2.4) by the morphism ip by 

(2.6) (X', M r ) <— (X' ( '\ M_, ( .)) - (X' { '\ M xlW ) 

and put D' h := D h x T X'. Let us denote the morphism (X' (m \ M x , w ) — ► (y, My) 

by g, the morphism }x'^ ^ x %) — ► X^ ^ by sp**- 1 and the morphism ]Y'[y — > y' by 
sp. We prove the following claim: 

claim. The morphism 

R^Rfx'/y^J = Rg*Rsp { ; ) VR(}x' i '\^. ) /y' K ,£) 

'(•) rlog 



- Rsp^Rf { x' _ D ,h x')/y, log-rigJ £ 

is a quasi-isomorphism. 

To prove the claim, it suffices to prove that the map 

Rsp^mW' (m) [^ (m) /y' K ,S) — > i?spMDRt(]X' (m) £f (m) /^, jtf) 

is a quasi-isomorphism. In the following (until the end of the proof of the claim), 
we omit to write the superscript ^ . (So we prove that 

(2.7) Rsp*DR(]x'[ x f/y' K , £) — > i?sp,DRt(]X'[^/y,,/£:) 

is a quasi-isomorphism.) 
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To prove that (2.7) is a quasi-isomorphism, we may work Zariski locally on X', and 
by [Sh3, 4.5] and [Sh4, claim in 4.7], the both hand sides of (2.7) are unchanged if we 
replace the closed immersion (X , A%') {X',M X <) by another closed immersion 
into a p-adic fine log formal iS-scheme which is formally log smooth over (y', My/). 
So we may assume the existence of the Cartesian diagram 

(X',M r ) ► (X',M X ,) 



(X {0 \M- (0) ) ► (X<®,M xm ) 



x 



such that the right vertical arrow is written as a composite morphism 
(X',M X >) — (X m ,M xm ) — (X^,M x(0) ), 

where the first morphism is strict formally etale and the second morphism is the 
canonical morphism. Since we may work Zariski locally on X', we may shrink 
^(o) j n orc i er that the exact closed immersion (X^°\ M— <o)) <^-> (X^°\M X ( )) is a 

strongly admissible closed immersion. Let = Ui=i ^ > l°' ) be the relative simple 
normal crossing divisor corresponding to M X (o) and for I C {1, • • • ,r}, let us put 

Vf ] := a e /^/ 0) - Let us denote the pull-back of vf ] to X~^°\x',X~' by Df\v'j, D' z , 
respectively. 

Note that i^sp^DRQX ffi/y' K ,£) is the sheaf associated to the presheaf 
X' D U h- H«(U K , BR(]x'[^/y' K , £)) 
and that R q sp^DR\]X'^ x f /y' K ,j^£) is the sheaf associated to the presheaf 

x'du^ H%u K ,DR\}x'[ l °yy K ,j^)). 

Since we may replace X' by U, we see that it suffices to prove that the map 

H^DRQx'^/y^S)) — > H^X' K ,DR^]x'[^/y K ,^S)) 

is an isomorphism. If we put the admissible open immersion X' K — [D' h \ X i\ <— > X' K 
by j x , we have 

H*(X' K ,Dtf(]J?t£/y K ,jtE)) = H\X' K ^^ l3x ^^]X'^/y K ,S)) 

= \\xa x ^H\X' K , j^r x DR(]x'[^/y K ,£)). 

So it suffices to prove that the map 

H9 ( x k> DR (W[ x yy K , £)) — H*w K j^iDR(\x , ($/y K ,E)) 

is an isomorphism for A G (0,1). In the following, we denote DR(]X'^ x f /y' K ,£) 
simply by DR. 

Let (E, V) be the log-V-module on ]X'[^f=]X [ X /= X' K induced by £, and let 
(E, V) be the log-V-module on A"^ relative to y' K induced by (E, V). Then DR 
is nothing but the de Rham complex associated to (E, V). On the other hand, let 
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(E(°\ V*- -*) be the log-V-module on [*(<>) induced by S. Then, by Proposition 
1.9, (£ (0) ,V (0) ) is unipotent on 

Then (E, V) is unipotent on 

(2.8) }D' I [ x ^]D' i y' I xA^[0,l). 

Next we consider a certain admissible covering of X' K introduced by Baldassarri 
and Chiarellotto ([Ba-Ch2, 4.2]). (See also [Sh2, 2.4].) Let us fix rj e (A, 1) Hp Q and 
for I C {1, • • • , r}, put 

Pi, v ■= {xeXlcl \U(x)\ < 1 (i G /), \U(x)\ >r){ii /)}, 

V ItV := {xeX' K \ \U(x)\ = (i e I), \U(x)\ >r]{ii I)}. 

Then we have the admissible open covering X' K = Uj Pi,r,- For m G N, let T m 
be the set {(I , • • • , I m ) \ Ij C {1, • • • , r}}. For I := (J , • • • , I m ) G J m , let us put 
I := f|j=o-(? an d -Pi,?? := f\jLoPij,T]- Then, since we have the spectral sequence 

E? = H\P ItV , -) =► // s+ *(^,-), 

iex s 

it suffices to prove the map 

(2.9) iF(P n ,„ DR) — H q (Pi jT) , jx^j^DR) 
is an isomorphism. Note that we have 

m 

P l:V := {x E X' K I |t,(:r)| < 1 (i e [j Ij), \U(x)\ >rj(i<£ I)}. 

j=0 

Let us define Vi j7? by 

Vi,„ := |^(x)| = (i G I), |*i(a;)| > 77 (i £ I), 

\U(x)\<i{ie \Jlj-m- 

j=0 

Then P nfl is a quasi-Stein admissible open set of ]-DJ[a", Vj tV is a quasi-Stein ad- 
missible open set of }D' l [ V ' i and the isomorphism (2.8) (I replaced by I) induces the 
isomorphism 

P^-V^x A|[0,1). 

Let us take an admissible open covering Vi tV = UJLi Vj by increasing aflinoid admis- 
sible open sets. Then we have 

H q (Pi :V , DR) = H^RlrnvjETiVj x A|[0, 1), DR)), 

//W^a^DR) = H^R^jBT{Vj x A|[0, 1), j v j*DR)) 

and we are reduced to showing that the map 

(2.10) H\V 3 x A|[0,1),DR) — if«(^- x A|[0,1),j v j*DR) 
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is an isomorphism for each q > 0. Then, since Vj x ^| [0, 1) an d the map j\ are 
quasi-Stein, the map (2.10) is identical with the map 

(2.11) H\r(Vj x Ag[0,l),DR)) — >ff«(r(^- x A|(A,1),DR)). 

So it suffices to prove that the map (2.11) is an isomorphism. Let (E, V) be the 
log-V-module on Vj x A^[0, 1) relative to Vj induced by (E,V). Then, by using 
the spectral seuquence of Katz-Oda type for Vj x A^[0, 1) — > Vj — > y' K , we may 
replace DR by the log de Rham complex associated to (E, V). Since the restriction 
of (E, V) to Vj x A^[0, 1) is unipotent relative to Vj, (E, V) is a successive extension 
of trivial log-V-module (O, d) on Vj x A|J[0, 1) relative to Vj. So, to prove that the 
map (2.11) is isomorphic, we may replace DR by the log de Rham complex associated 
to (0,d). In this case, the map is shown to be isomorphic in [Ba-Ch2, §6]. So we 
have proved the claim. 

Now we prove the theorem. We prove that the map 

( 2 - 12 ) Rq fx/y, an*£ ► R q f(X-D^,X)/y,log-rigJ^ 

is an isomorphism, by induction on q, using the claim. Assume that (2.12) is an 
isomorphism up to q — 1. Let us take any diagram as in (2.5). Then, by restricting 
the isomorphism to ]l"[y = y'x, we have the isomorphism 

rffx'/y^n*? Rt f(x'-D' h ,x')/y,lo g -ri g J £ 

for t < q. In particular, both hand sides are coherent. So we have 

Rfap^fx'/y^S = R S SP*R l f(x' -D' h ,x')/y .log-rigJ 1 ^ = 

for s > 0, t < q. By this and the claim, we can deduce that the map 

SP*R 9 fx>/y>, a n*£ ► S P* R9 f(x' -D' h ,x')/y, log-rig*^ E 

is an isomorphism. Since this isomorphism holds for any y' as in the diagram (2.5), 
we can conclude that the map (2.12) is an isomorphism for q. So we are done. □ 

Next we compare the relative log analytic cohomology and the relative rigid coho- 
mology, using Theorem 2.1. Assume that we are in the situation of Theorem 2.1, and 
assume given open immersions X X,jy '■ Y Y such that X C (X, M^) tr i v , 
Y C (F, M Y ) tliv and f-\Y) = X holds. Then we have X - D h C (X, M x ) triv . So, 
by [Sh3, §5], the open immersion X — D h X (which we denote by jx) induces 
the functor 

A ■■ /co„v((X/^) los ) — - D\x)/y). 

On the other hand, we have the exact functor 

j Y : Mod(O my ) — Mod(j Y O my ) 
which sends coherent modules to coherent modules. Then we have the following: 
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Theorem 2.2. In the above situation, we have the isomorphism 

JY^fx/y^n*^ > ^ ' f(X-D h , X)/y, rig Jx£- 

for any q > 0. In particular, R q f(x-D h ,x)/y,ri s *3x£ ^ s a coherent jyO^y -module. 
{Note that we assume the condition (*) in Theorem 2.1.) 

Proof. The proof is similar to [Sh3, 5.13]. Let us take the embedding system (2.4) 
as in the proof of Theorem 2.1. Then we have the diagram of rigid analytic spaces 

Wis. wy 

Also, us put X^> := X Xjl'^, := D h Xjl''' and denote the open immersion 

X« - I W ,I W -I» hW - ^UW-^ - X W by j XA ,j Xfl ,j x , respectively. 
Then we have admissible open immersions 

•log . i^K*) n h ^*^r lo g c j^v(*^r lo g 

# : ]X« - D h(,) [„.,=]l (,) - ^'feH^fe 

and it induces the exact functors , ,jx i n the standard way (see [Sh3, §5]) 
satisfying j x e ^ = j l x g { °.7j?2 ■ O n the other hand, we have also an admissible open 
immersion ]jW _ D h ^'\ X (,)^]X^*\ X (.) induced by j x and it induces the functor 
j x also in the standard way. 

Since (X (0 \ M x(0) ) is of Zariski type and the morphism (X (0) ,M x (o)) ^ (X (0 \ 
M X (o)) is an exact closed immersion, (X^, M—(o)) is of Zariski type. Hence so 
is (X^, M— ( m )). Also, since (X^°\ M X ( )) and (y,My) are of Zariski type, so is 
(X^ m \ M X ( m )). Hence, Zariski locally on X^ m \ the closed immersion (X^ m \M— (m>) 
(X^, M X ( m )) admits a factorization 

(X (m) ,M- (m) ) - (^( m )',M^ (m) — (*M M^) 

such that the first map is an exact closed immersion and the second map is a 
formally etale morphism. So, by the argument of [Sh3, 5.9], we see the equalities of 
functors (fx,* ° jx 8 ^ = jx ° Px,* (which we denote by j x ), Rj x = j x for coherent 
—(.) i og -modules. Then we have the following diagram: 

lX [ x(') 

JyRfx/y,^ = jlRh^BR(]X { '\%/y K ,S) 

RjlRh^DR(]X ( '\%/y K ,S) 
^i?/i 1 ;^ t DR(]X ( * ) £) (Theorem 2.1) 
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= RjlRh^R^fDR(]X { ' ] [% /y K ,S) 
^ Rh^Rj^fRj^f DRQX^ [% /y K ,S) 
= Rh^Rj^DR(}X ( '\%/y K ,S) 

= Rh.Rj t x DR(]x { ' ) [%/y K ,e) 

= RKj t x DR(]X ( ' ) [%/y K ,S) 

= Rh*DR* (\X^ [ x{ .)/y K ,i x £) = Rftx^xyy^JxS. 

So it suffices to prove that (4k) is a quasi-isomorphism. To prove this, we may 
replace • by m G N and we may replace the closed immersion (X^ m \ M— ( m >) 
(X (m \M x(m) ) so that we have (X (m) ,M- (m) ) = (Y, My) X(y,My) (X {m \M x{m) ). In 
this case, the morphism \X^ m ^ x g {rn) —\X^ m \ X { m ) — >]Y[y induced by h log = h is quasi- 
compact and quasi-separated, and so we have the equality of functors j Y ° h l ° g = 
h l ° g ojxfi^ So the map (4k) is a quasi-isomorphism and the theorem is proved. □ 

Using Theorem 2.2, we obtain the following theorem, which shows the overcon- 
vergence of relative rigid cohomology for (not necessarily strict) morphisms of pairs 
which admit 'nice' log structures: 

Theorem 2.3. Let us assume given a proper log smooth morphism f : (X, My) — ► 
(Y, My) such that My (resp. My) is the log structure induced by a normal crossing 
divisor D {resp. simple normal crossing divisor E). We assume that D has the 
decomposition D = D h U D v into sub normal crossing divisors D h , D v satisfying the 
condition (*) in the beginning of this section. Assume moreover that we are given 
open immersions X <^-> X, Y Y satisfying X C (X, M^triv, Y C (Y, My)triv and 
f _1 (Y) = X . Denote the open immersion X — D h ^ X by jx- Then, for any 
q>0 and for any locally free isocrystal S on (X/S) l ° g lv = ((X, My) / S) conv which 
has nilpotent residues and satisfies the condition (*)' below, there exists uniquely an 
over convergent isocrystal T on (Y,Y)/Sk satisfying the following: For any (Y,Y)- 
triple (Z, Z, Z) over (S, S, S) such that Z is smooth over k, E Xy Z is a simple 
normal crossing divisor in Z and that Z is formally smooth over S, the restriction 
of J 7 to P((Z, Z)/S K , Z) is given functorially by (R q f {{ x-D*)x Y z,xx Y z)/z,ri s Jx£, e), 
where e is given by 

P2^- q f((X-D h )x Y Z,Xx Y Z)/Z,ri s *jx^ ~^ ^ J °((X-D h )x Y Z^Xx—'Z)/ Zx s Z,rigJx^ 

*— PlR' 'J \(X-D h )x Y Z,Xx v ~Z)/ 'Z,Ti s Jx£ '■ 

(Here pi is the morphism ]Z[z Xs z — > ]Z[z induced by the i-th projection.) 
The condition (*)' for £ in the statement of the theorem is given as follows: 
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(*)': For any diagram 

(X,M Y ) ^- (X 1; M Xi ) 

/ 

(Y,M Y ) (Y 1 ,M Yi ) -<!-> (y^MyJ 

such that (fy is strict, the square is Cartesian, ii is an exact closed immersion and 
(3^i, My^) is formally log smooth over S, the log analytic cohomology R q f Xl /y 1 an *<p* x £ 
is a coherent O-^^ -module. 

Proof. Let us take a diagram 

{ Y,M Y )^(Y { °\M Y )^(yV\My i0) ), 

where is a strict Zariski covering and is an exact closed immersion into 
a p-adic fine log formal £>-scheme (3^°\ Myoj) such that y^ is formally smooth 
over S and M-y(o) is the log structure defined by a relative simple normal cross- 

ing divisor. For n G N, let (Y , M— („>) be the (n + l)-fold fiber product of 

(Y (0) ,M F ( 0) ) over ( Y, My) and let ^ (n) be the (ra + l)-fold fiber product of y<® 
over S. Then, for each n, there exists a log structure My( n ) (resp. My( n ) Xs y(n)) on 
y(n) ^ reS p y(n) Xs y(n)^ suc ] 1 faafc the canonical closed immersion Y^ <^-> 3^ 
(resp. Y^ <^-> J^" - - 1 x^^W) comes from an exact closed immersion (Y^,M— („>) <^-> 
(3^),M y(n) ) (resp. (Y (n) ,M F( „)) — x 5 yW, M y(n)xs y (n) )) and (yW,M yW ) 

(resp. (J^™* 1 x 5 y( n \ M y ( n ) Xs y{n))) is formally log smooth over S. Let us denote 
the pull-back of (X,M Y ),X,D h by the morphism (Y (n \ M y(n) ) — ► ( Y, M Y ) by 
(X*"^, M— („)), X^ n \ D h< " n \ respectively. Then, by Theorem 2.2 and the condition 

(*)', Rq f (X M-D^"\x {n) )/yM,ri g Jx S ( resp - R9 t\xM-D^\x (n) )/y(")x s yM,vi g Jx S "> is a 
coherent jtO^w, -module (resp. a coherent jtO.^in), -module). Then, 

by the base change theorem of Tsuzuki ([T2, 2.3.1]), the arrows in the diagram 

<~ Pl jR9 / (x( „)_ D hM i X (n) )/y("),rig* J ^ 

(where Pi denotes the i-ih projection ] Y^ \y(n) x y( n ) — H^^tyw) are isomorphisms. 
If we denote the composite of the above arrows by e^, one can see (by using [T2, 
2.3.1] again) that flri := ( Rq f {x( n)_ D ^n) j(n ))/y{n) ^£,e^) defines an overconver- 

gent isocrystal on (Y^ n \ Y^)/Sk and that is compatible with respect to n. So 
{jF( n )} n=01 2 descents to an overconvergent isocrystal T on (Y, Y)/Sk- 

Since the triple (Y^ n \ Y^ n \ y^) satisfies the condition required for (Z,Z,Z) in 

the theorem, we see that the image of T in Jt((Y( n \ Y (n) )/S K ) should be functorially 
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isomorphic to in the previous paragraph. So we see that the condition in the 
statement of the theorem characterizes T uniquely. 

Finally we prove that the overconvergent isocrystal T satisfies the required con- 
dition. For a triple (Z, Z, Z) as in the statement of the theorem, let us put := 
My\z (this is nothing but the log structure associated to the simple normal crossing 
divisor E XyZ). Then, Zariski locally on Z, there exists a fine log structure Mz on 
Z such that the closed immersion Z Z comes from an exact closed immersion 
(Z, Mj) (Z, M z ) and that (Z, M z ) is formally log smooth over S. Then, by 
Theorem 2.2, R q f {i x-D^x Y z,Xx Y z)/z,vi g Jx^ is a coherent j^O^-module. Then, 
by [T2, 2.3.1] again, we see that the restriction of T to I^((Z, Z)/Sk, Z) is given by 
(^/p-D h )xyZlx- ~z)/z rig*^!:^' e ) as m ^ ne statement of the theorem. Finally, the 
functoriality of the expression above is proved as the proof of [Sh3, 4.8]. So we are 
done. □ 



As for Frobenius structure, we have the following: 

Theorem 2.4. With the situation in Theorem 2.3, assume moreover that k is perfect 
and that j x £ has a Frobenius structure. Then the overconvergent isocrystal T on 
(Y,Y)/Sk has a canonical Frobenius structure. 

Proof. The proof is similar to [Sh3, 5.16] (see also [T2, 3.3.3, 4.1.4]). First, by the 
argument developed in [Sh3, 5.16], we may reduce to the case that Y = Y is equal 
to S. (In the proof of [Sh3, 5.16], we once used the analytically flat base change 
theorem of log analytic cohomology. Here we use Tsuzuki's base change theorem 
([T2, 2.3.1]) instead of it.) So, we are reduced to the claim that the endomorphism 
on H q ig (X — D h /K,j x £) induced by the Frobenius structure on j x £ is an isomor- 
phism. We can prove this by imitating the proof of [Ke3, 9.1.2]: Let us consider the 
following two claims: 

(a) n The Frobenius endomorphism on H q ig (X/K,Q) is an isomorphism for any 
X smooth over k of dimension at most n and any overconvergent F-isocrystal Q on 
X. 

(b) n The Frobenius endomorphism on H q z Ti (X/K, Q) is an isomorphism for any 
closed immersion Z X of a geometrically reduced scheme Z over k of dimension at 
most n into a scheme X smooth over k and any overconvergent F-isocrystal Q on X. 

((a)o is obvious and (6)_i is vacuous.) Then, by a similar argument to the proof 
of [Ke3, 9.1.2], we can prove the implications (6) n _i + (a) n =^ (b) n and (a) n _i + 
(b) n -i (a) n : The main point is that all the arguments in the proof of [Ke3, 

9.1.2] are compatible with Frobenius. (The most important point is the compati- 
bility of Gysin isomorphism with Frobenius, which is proved in [Tl, 4.1.1].) So the 
Frobenius endomorphism on the rigid cohomology of smooth variety with coefficient 
is always an isomorphism. So we are done. □ 
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Remark 2.5. The conditions (*) and (*)' are satisfied if we assume / is integral, 
by [Sh3, 4.7]. We will provide a slightly different situation where the conditions (*) 
and (*)' are satisfied, in the next section. 

3. Log blow-up invariance of relative log analytic cohomology 

In this section, we prove an invariance property of relative log analytic cohomology 
under log blow-ups in certain case. 

First we recall the notion of log blow-up. (See [I, 6.1], [Sa, 2.1], [Ni, 4].) Let 
(X, Mx) be an fs log scheme. A sheaf of ideals X C Mx is called a coherent ideal 
if, etale locally on X, there exists a chart P — > Mx of Mx by a torsion-free fs 
monoid P and an ideal / of P such that IM X = 1 holds. Then the log blow- 
up (Xj, M Xx ) — > (X, M x ) of (X, M x ) along J is locally defined as follows: Let 
J sat : = { a e P ep \3n > l,a n G P 1 } (the saturation of the ideal I). Then X T 
is defined to be X x SpccZ [p] Proj Z[©^L (P at ) n ]. It has an open covering by the 
schemes of the form X x SpccZ [p] SpecZ[P^ at ] (a G P), where P a := [Ja~ n I n and 
psat : = [ x e Pf p | 3n > l,x n G P a } (the saturation of P a ). We define the log 
structure M Xl as the fs log structure whose restriction to X x Spcc z[p] SpecZ[P^ at ] 
is given as the pull-back of the canonical log structure Mpsat on SpecZ[P^ at ]. Log 
blow-ups are log etale. We can define the notion of low blow-up also for formal fs 
log schemes. 

Let R be a ring (resp. adic topolgical ring), let P be a torsion- free fs monoid 
and let I be an ideal of P. Let us denote the canonical log structure on Spec R[P] 
(resp. Spf R{P}) by Mp. Then we denote the log blow-up of (Spec R[P], Mp) (resp. 
(Spf P{P}, M P )) along the coherent ideal IM P by (Bh(P) R , M PJ ). 

Next let us recall the notion of log regular log scheme ([Ni, 2.2], [Ka2, 2]) and 
several properties of it. For a log scheme (X,M X ) and x G X, let us denote the 
ideal of Ox,x generated by the image of Mx,x — Oxx by I(Mx,x). An fs log scheme 
(X,Mx) is called log regular if, for any x G X, Oxx/I{Mx,x) is regular and the 
equality dim(O x>5 ) = dim(O x ,x/ I(M X , x)) + rk (M^/O^) holds. If (X,M X ) is 
log regular, X is normal and M x = j*0( X M x ) tIiv n ®x holds, where j denotes the 
open immersion (X, Mx)triv ^ X. An fs log scheme which is log smooth over a log 
regular scheme is again log regular. In particular, any fs log scheme which is log 
smooth over k is log regular. In this case, the converse is also true if k is perfect. 
For a log regular log scheme (X, Mx), X is regular if and only if, for any x G X, 
M x ,x/0 X x i s isomorphic to for some r(x) (depending on x). In this case, the 
log structure Mx is the one associated to some normal crossing divisor D on X. 

It is known that, for a log regular scheme (X,Mx), there exists a log blow-up 
(X, M~) — ► (X, M x ) such that X is regular ([Ni, 5.7,5.10]). 

Now we prove a log blow-up invariance property for log analytic cohomology: 

Theorem 3.1. Let us assume given the diagram 

(X', M r ) (X, M Y ) -U (F, My) A (y, My), 

where (X, Mj), (Y, My) are fs log schemes, (y, My) is an fs log formal S -scheme 
of Zariski type formally log smooth over S, f is log smooth, i is an exact closed 
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immersion and ip is a log blow-up of (X, M-^) by some coherent ideal of M X - Then, 
for a locally free isocrystal £ on {X/y)]?& nv , we have the quasi-isomorphism 

R fx/y, a n*£ R fx'/y,^y £ - 

Proof. We may work etale locally on X and Zariski locally on y. So we may assume 
that there exists a chart (Q — > My,R — > Mx,Q R) of i o f such that a is 
injective, |Coker(o; gp )tor| is prime to p and that / factors as 

(X,Mx) — > (F, My) x (S pecMQ],M Q ) (Spec k[R], M R ) — > (F , My) 

with the first map strict etale. Then we can form the Cartesian diagram 

(X,Mx) ► (X , My) >^ (Spec k[Q],M Q ) (Spec k[R], M R ) > (Y, My) 

(X,M X ) > (y,M Y ) x {Sp{v{QhMQ) (SpiV{R},M R ) > (y,M y ) 

with the lower left horizontal arrow strict formally etale, by shrinking X. Then 
(X, M x ) — ► (y, My) is a log smooth lift of the morphism /. We may also assume 
that the log structure of X is fs. 

Next note that, etale locally on X, there exists a chart i/j : P — > of M^ by a 
torsion-free fs monoid P, an ideal / CP and a Cartesian diagram 

(Bl^P)*, M P , 7 ) < (X',M T 

(3.1) 

(Spec A;[P],M P ) < (X,M Y ), 

where the lower horizontal arrow is the strict morphism induced by the chart. Note 
that, for x G X, we can lift the homomorphism ip zp : P gp — > M|?_ to a homo- 

morphism ^ : P gp -> M| p 5 such that the composite P gp ^ MfP^ -> A/»y<9* _(= 
Mf_/C^_) is surjective. So, if we put P' := ^(M^), ip' : P' -> M* i3f extends to 
a chart of on an etale neighborhood of x ([Kal, 2.10]). Moreover, by the exact- 
ness of (X, M x ) (Af, M#), we have PCP' and P' — > — > is again a chart 
of My- Also, the Cartesian diagram (3.1) induces the similar Cartesian diagram 
with P, / replaced by P', IP'. As a conclusion, we may assume that (by putting 
P ; = p'j ■= IP') the chart ip : P -> M T of M T extends to a chart ip' : P -> M x 
of M^-. Now we put 

{X',M X .) := (*,M*) x 

(Spf V{P},Mp) 

(Bh(P)v,M P j)^(X,M x ). 

Then <// is a formally log etale lift of tp. Let us denote the map of rigid analytic 
spaces \X \ X i — >]X[^-,]X[^ — ^\y by ip' K , h, respectively. Then we have the map 

R fx/y, a n*£ = Rh*T>R(]X[ x /y K ,S) — Rh*R V ' K ^'* K DR(]X[ x /y K ,£) = Rf Y ' /y ^J- 

We prove that this is a quasi-isomorphism. To prove this, it suffices to prove the 
equality R<p' K ^\x[ x = ^]x[ x i an< ^ ^ ^ s reduced to the equality Rip^ip ; *O x = O x . 
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Let us denote the uniformizer of V by n and let <p' n : X' n — > X n be if' ®y V/ir n V. 
Then it suffices to prove the equality 

(3-2) Wn^'lO Xn =0 Xn . 

Note that we have X' n = X n Xs pC ci[P] Bl/(P)z, and note also that we have the 
vanishing Torf [P] (Z[P'], Xn ) = for any % > 1, n E N and injective homomorphism 
P P' of integral monoids: Indeed, if n — 1, this follows from [Ka2, 6.1(h)], since 
(Xi, M x \x 1 ), being log smooth over k, is log regular with a chart P — > — > M^. 
For general n, we can see by induction, using the exact sequence 

o — o Xn _, o Xn — > 0* — » 0. 

(Note that, since (X n , M Xn ) is log smooth over Spf V/ir n V, it is flat over V/ir n V.) By 
this vanishing of Tor, (3.2) is reduced to the equality Rip (p*OspecZ[P] = CspecZ[P]j 
where ip is the map B1/(P) Z — > SpecZfP]. This is true by [KKMS, Ch I, §3, Cor. 
1]. (There they treat the case of Spec A; [P], but the arguments work for SpecZ[P]. 
See also [Ka2, 11.3].) So the proof is finished. □ 

Next we deduce a consequence of Theorem 3.1, which is useful in later sections. 
To describe this, first we define the notion of log normal crossing divisor as follows: 

Definition 3.2. Let (X, M£) be a log regular log scheme. Then a Cartier divisor 
D C X is called a log normal crossing divisor if, for any x & D, D x x Spec Ox,x Q 
Spec Ox,x is defined by the equation of the form tit? ■ ■ -t r — (ti e Ox^—O x ^) such 
that the loci {ti = 0} (1 < i < r) is a regular divisor in Spec Ox,x/I(Mx,x) and that 
the locus {ti • • -t r — 0} is a simple normal crossing divisor in SpecOx,x/I(M x ,x)- 

Remark 3.3. The conditions required for tj's in the above definition is equivalent 
to the following condition: For any subset / of {1, • • • , r}, the locus {ti — (i e /)} 
is a regular closed subscheme of SpecOx,x/I(M x ,%) °f codimension |/|. 

Proposition 3.4. In the situation in Definition 3.2, let us define new log structures 
M x , M x on X by M x := j Sf O x _ D n O x and M x := M\ © x M\. Then: 

(1) Etale locally, We have M\ = O x t^ • ■ -t® and it is associated to the monoid 
homomorphism ip : N r — > O x ; i— > t; L . (Here (1 < i < r) is a canonical 
basis ofW.) 

(2) The log scheme (X, M x ) is log regular. Also, if we define (i > 0) by 

P[ ] := X, P[!j := the normalization of D, 

D[{\ := i-fold fiber product of Dm over X, 
the log scheme (D^JWJ ) := (D^, MJ|_d h ) is also log regular. 

Proof. We may work etale locally. For / C {1, • • • ,r}, let us denote the closed 
subscheme of X defined by the equation ti — (i e /) by Dj. First we prove that 
(Di, M x \d,) is log regular by induction on |/|. Write / = {i} ]J I' with i I'. Then 
we have 

dim(0 Dll ^) = &™{0 Dl , rx /I{M x \ Din x)) +MMx\%,zIOd i ,*) 
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by induction hypothesis. Then, since tj is non-zero and non-invertible in Oo^^/ I(M X 
\dj,,x), so is ti is in Od v ^. Since Od,,,x is an integral domain (by induction hy- 
pothesis), we have 

dim(C D/i 5) = dhn(0 Dl ,^) - 1, 

dim(0 Dl ^/I(M x \ Dn x)) = dim(0 Dl ,^/I(M v x \ Dil ,x)) - 1. 

So we see the equality 

dim(0 D „*) = dim(0 Dl ^/I(M x \ Dl ,x)) + rk (M x |f^/(9^), 

and OD It xl I{M x \dji~x) is regular by assumption. So (Di, Mx\dj) is log regular. 
In particular, is normal. Then we see that any local section / in M\ can be 
written uniquely as / = ut^ 1 ■ ■ ■ t" r for some u G O x ,iii € N. So we have the 
assertion (1). Also, we see that D$ is locally written as the disjoint union of D/s 
with \I\ — i + 1. So (D[q, JWJ ) is log regular. 

Finally we prove that (X,M X ) is log regular. If we take a chart ip : P — > Ox 
of M x with P an fs monoid, we see by (1) that the homomorphism P ®W — > 
O x ; (p,n) i— > ip(p)(p(n) is a chart of M x . So M x is an fs log structure. Then, since 
we have 

dim(0 X: x/I(M x ,x)) = dim(O x ^/I(M x ,x) + (t u ■ ■ ■ ,t r )) = dim(O x ^/ I(M X , x))-r, 

rk m-JOl^) = rk (M x f /0* _) + r, 

we have the equality 

dim(O^) = dim((^//(M x ,*)) +rk(M|yO x -). 

Since O x ^/ I(M X) x) = O x ^/(I(M x ,x) + (ti, • • • ,t r )) is regular by assumption, we 
see that (X, M x ) is log regular. □ 

Example 3.5. Let X be a smooth scheme over k and let D h , D v are normal crossing; 
divisors on X such that D := D h U -D v is again a normal crossing divisor. Then, 
if we denote the log structure on X associated to D v by M x , D h is a log normal 
crossing divisor on (X,M X ). Moreover, M x (resp. M x ) above is nothing but the 
log structure associated to D h (resp. D). 

Now let us assume given a proper log smooth integral morphism of fs log schemes 
/' : (X', ML) — > (F, My) over 5 such that F is smooth over S and that M F is the 

log structure associated to a simple normal crossing divisor on Y. (Then (x', ML), 

being log smooth over S, is log regular.) Let D' C X be a log normal crossing 
divisor, and let us define MiL, , M-^> , Dj^ (i > 0) as above. Assume moreover the 
following conditions: 

(1) (X', M x >) is log smooth over (F, My). 

(2) For any i > 0, (D' w ML \ D >.) is log smooth over (F, My). 

Take a log blow-up y? v : (X, MX) — ► (X', ML) of Ot , ML) such that X is regular, 

-A- Ji. Y\- 

and put 

(X, M x ) := (X, M%) x (T> ^ ;) (X', M^) ^ (X', M x 0, 
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where f = (p v x id. (It is also a log blow-up.) Let us put D h := <p*D' and let 
D v be a normal crossing divisor corresponding to M^. Then D := D h U D v is a 
normal crossing divisor corresponding to and they satisfies the condition (*) in 
the beginning of Section 2. (So the morphism / := (p o f : (X, M-^) — > (Y, My) is 
in the situation we treated in Section 2.) With this notation, we have the following: 

Proposition 3.6. With the above notation, let So be a locally free isocrystal on 
(X'/S) 1 C Z V = ((X', M r )/S) conv and put £ := <p*£ . Then: 

(1) For any exact closed immersion (Y, My) c — > {y, My) such that (y,My) is 
formally log smooth over S, £ satisfies the condition (*) in Theorem 2.1. 

(2) £ satisfies the condition (*)' in Theorem 2.3. 

Proof. We only prove (1). (The proof of (2) is similar.) Since (x', M-g) — > (Y, My) 
is proper log smooth integral and (Y, My) is log smooth over k, the relative log an- 
alytic cohomology R q fx'/y a n*^° * s coherent by [Sh3, 4.7]. Moreover, by Theorem 
3.1, we have the isomorphism R g fx'/y, an A = R q fx/y, an * S - So Rq fx/y,^* E is co- 
herent. □ 

Remark 3.7. As a consquence of Proposition 3.6, we have the following: In the 
situation of Proposition 3.6, assume moreover that £ has nilpotent residues. Then 
we have Theorems 2.1, 2.2 and 2.3 for £. 

Remark 3.8. The reason we need Proposition 3.6 is that it is not always true that 
the morphism / is integral. 

Finally, we prove a proposition concerning log normal crossing divisors which we 
use in later sections: 

Proposition 3.9. Let f : (X, M x ) — ► (Y, My) be a log smooth integral universally 
saturated morphism of fs log schemes such that (Y, My) is log smooth over S and 
let D C X be a log normal crossing divisor. Define M%, M x , as in Proposition 
3.4 and assume that (X, Mx), (D{i\, M^d^ are log smooth over (Y,My). Let us 
assume given the Cartesian diagram 

(X',M XI ) ► (Y',M Y/ ) 

(X,M X ) — U (Y, M Y ) 

such that (Y',Myi) is again an fs log scheme which is log smooth over S. Put 
D' := D x x X' . Then D' is a log normal crossing divisor in X' and if we define 
M x ,, M x >, -D'j] using D' , (X', M x >) and (D' { ^ M XI \ D Q are log smooth over (Y', My,). 

Proof. Let x' G X', let x be its image in X and let us take t±, ■ ■ ■ ,t r G Ox,x — 
Xw such that D x x Spec Ox,x is defined by ti---t r = and that they satisfy 
the condition required in Remark 3.3. Then D' x x > Spec(9x',x' is also defined by 
t± ■ ■ -t r — in SpecOx r ,x'- To prove the proposition, it suffices to prove that the 
elements U (1 < i < r) satisfy the condition required in Remark 3.3 (with D,X,x 
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replaced by D', X', x')\ Indeed, this assertion implies that D' is a log normal crossing 
divisor in X' and that we have the isomorphisms (X',M X ') = (X,M X ) X(y,m y ) 
{Y', M Y ,), {D' w M X ,\ D Q = {D w M x \ D[i] ) X(y,m y ) (y, M Y ,), and these immediately 
implies the assertions of the proposition. So we prove the above claim. 

For I C {1, • • • ,r}, let us put Dj := {U = (i E I)} and put D\ := D 1 x Y Y' . 
Then, since (Dj, M x ,\d') is log smooth over (Y', My), it is log regular. In particular, 
Od' ,x' /I(Mx'\d'j,x') is regular. So it suffices to prove the equality 

(3.3) dimO D ^/I(M v x ,\ Dfj ,x') = dim D ^7/(M£, 1^,30 - 1 

for any J = {j} U I with j £ I. Since (D'j, M^,| D / ), (D'j, M x ,\ D/j ) are log regular, 
we have the equalities 

(3.4) dimO D ,j = dimO D ,f/I(M x ,\ D ,,x') + rk Mf,-,/O x ,-,, 

(3.5) dimO^ = dimO D[j ^/I(M x ,\ D/j ,x') + rk Mf, -,/O x , _,. 
Now let us note the equality 

(3.6) dimC D /^ = dimO D/j ^ + 1 : 

This follows from the equalities rel.dim(Z)j/y / ) = rel.dim(Dj/Y),rel.dim(D'j/Y r ) = 
rel.dim(Dj/y), which are true because Dj — >■ Y, Dj — > Y are smooth (in classical 
sense) on dense open subset. Combining (3.4), (3.5) and (3.6), we obtain (3.3). So 
we are done. □ 



4. Alteration and hypercovering 

In this section, we prove the existence of certain diagrams involving hypercovering, 
which is a slight generalization of that treated in [Sh4, §6]. In this section, all the 
schemes are assumed to be defined over S and from now on, we always assume that 
the field k is perfect. 

First let us prove the following proposition, which is a slight generalization of 
[Sh3, 6.4] and a consequence of the papers [dJl], [dJ2]: 

Proposition 4.1. Let f : X — > Y be a proper morphism of integral schemes whose 
generic fiber is geometrically irreducible and let D C X be a Cartier divisor. Then 
there exists a diagram 



(4-1) ,j 

Y < Y' 

such that horizontal arrows are alterations with X', Y' regular and a normal crossing 
divisor D' (resp. E') on X' (resp. Y') with a decomposition D' = D fh U D fV into 
sub normal crossing divisors D' h , D' v , satisfying the following conditions: 

(1) D' v = g-\EU. 

(2) ^~\X -D)n (X' - D >v ) = (X' - D' h ) n (X' - D' v ). 



RELATIVE LOG CONVERGENT COHOMOLOGY III 31 

(3) If we denote the log structure on X' {resp. Y') associated to D' (resp. E') 
by M x > {resp. My), the morphism {X',Mx>) — ► (V , My) induced by g is 
proper log smooth integral and universally saturated. 

(4) If we denote the log structure on X 1 associated to D' v by M\, and define 
£>[., (i > 0) by 

D'^ := X', := the normalization of D' h , 

'■= i-fold fiber product of D'^ over X', 

the morphism (D 1 ^, M X ,\ D '^) — > (Y', My) induced by g is proper log smooth 
integral and universally saturated for any i G N. 

Proof. By using [dJ2, Thm 5.9] and [dJ2, Prop 5.11] and argueing as [Sh4, 6.4], we 
see that there exist a diagram (4.1) and a normal crossing divisor D" (resp. E') on 
X' (resp. Y') satisfying the following conditions: 

(1) i>~\D)^ C D". 

(2) D' v := g~ 1 (E) ieA is a sub normal crossing divisor of D". 

(3) For any sub normal crossing divisor D'" C D" containing D' v , the condition 

(3) in the statement of the proposition is true if we replace D' by D'" . 

(4) For any sub normal crossing divisor D'" C D" containing D' v , the condition 

(4) in the statement of the proposition is true if we replace D fh by D'" h = 
closure of D'" - D'\ 

Now let us define D' as (^ _1 (-D))red U D' v and let D' h be the closure of D' - D' v . 
Then we see that all the required conditions are satisfied. □ 

Next we prove the following lemma, which is a slight generalization of [Sh4, 6.9]: 

Lemma 4.2. Let f : X — > Y be a proper morphism of schemes, let U C Y be 
a dense open subscheme and let X C X be an open subscheme. Then we have the 
diagram consisting of strict morphism of pairs 

(U T ,X) <J!2L_ ([/_,, X) 

(4.2) / /' 

{U Y ,Y) (U r ,Y') 

with (U r ,Y') = U; =1 (£/^,F;) ; (U r ,X') = U;=i(U[ii(^-^)) {decomposition 
into connected components with f'{X'- j ) C Y'-) satisfying the following conditions: 

(1) Uy is contained in U and dense in Y . 

(2) Xj { 's, Yj 's are integral, and if we put X' := X Xjl , X^ — X' C X^ is a 
Cartier divisor {possibly empty). 

(3) The map g x : \x' n U^,X') — »• ((X n U Y ) Xu Y U Y >,X x y Y') induced 
by (gx,f) is a proper covering and the map gy is a good strongly proper 
covering. 
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(4) For each i,j, the generic fiber of /'|^ : X'y t — > Y'j is non-empty and 

geometrically irreducible. {Attention: It is possible that rj = holds for 
some j.) 

Proof. Let X rcd = U ; X\ be the decomposition of X red into irreducible components 
and put Xi : = X fl X t . For I with X t ^ 0, let us take an alteration Xi < — X t so 
that X" is smooth over S and that the complement of X" := X/ x" is a simple 
normal crossing divisor in X". Let us put X" := Ui^xrfQ X" , X" : = X x^X" . Then 
the natural morphism of pairs (X", X") — > (X, X) is a proper covering. Then, by 
using [Sh4, 6.9] for the morphism X — > Y, we can take a diagram consisting of 
strict morphisms of pairs 

([/ _ x) < — {u^X) < — (u r X) 

(4.3) 

(Uy,Y) = (Uy,Y) < (U r ,Y) 

such that the right square satisfies the conclusion of [Sh4, 6.9]. Then one can see 
that the diagram (4.2) induced by (4.3) satisfies the required conditions. □ 

Next we prove the following proposition, which is a generalization of [Sh4, 6.10]: 

Proposition 4.3. Let f : X — > Y be a proper morphism of schemes, let U CY be 
a dense open subscheme and let X C X be an open subscheme. Then we have the 
diagram consisting of strict morphism of pairs 

(U T ,X) (C/ f ,f) 

(4.4) / 

(Uy,Y) ^- (tf~,F) 

satisfying the following conditions: 

(1) Uy is contained in U and dense in Y . 

(2) Y is regular. 

(3) The map g x : (X n U-,X) — ► ((X n U Y ) *u- U-,X x y Y) induced by 

(gx,f) is a proper covering (where we put X := X Xjl) and the map gy 
is a good strongly proper covering. 

(4) There exist fs log structures M~ , on X, Y respectively such that ikfc is 
associated to a simple normal crossing divisor on Y , C (X, M~) tr i v , U=l C 
(Y, M^) triv holds and that there exists a proper log smooth integral universally 
saturated morphism (X, M~) — > (Y, whose underlying morphism of 
schemes is the same as f . 
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(5) There exists a log normal crossing divisor D C X such that, if we define 
MjL, (i > 0) as in Proposition 3.4 using D, the induced morphisms 

(X , M__) — > (F, M f ), (D {i] ,Mj_\ D[il ) — > (F, M ? ) (i > 0) 

are proper log smooth integral universally saturated, and we have X n (X, 
Ml) triv = (X - D) n (X, Ml) triv - (/n particular, we have X HU~ = (X - 

D) n u f .) 

Proof. The proof is similar to [Sh4, 6.10], although the proof here is slightly more 
complicated. First let us take the diagram consisting of strict morphism of pairs 

(v T ,x) < (u r X) 



f 



r 



{V -Y) < (U r ,Y) 



satisfying the conclusion of Lemma 4.2, and let Y' = U* =1 Y'ji X' := Uj=i(LIi=i X'^) 

be the decomposition of Y'jX' into connected components with f'(x'^ C Y'-. Also 

let us put X' := X Xjl'. 

Let us fix j. We prove the following claim: 

claim For any 1 < s < rj, there exists a diagram consisting of strict morphism of 
pairs 

U? =1 (X'O^J < U? =1 (X",0!LJ 



(4.5) /' 



/" 



Koy < — (Y';,oy 

3 l ' X 



(we put X'ji := X' X" ) satisfying the following conditions: 



(1) O'-rr . is dense in Y H . 

v > Y,j 3 

(2) Y ■ is regular and connected (so it is integral). 

(3) The upper horizontal arrow is a proper covering and the lower horizontal 
arrow is a good strongly proper covering. 

(4) There exist fs log structures M^ s _„ , My" on Of=i X™, Y ■ respectively and 

l_li = l ji i 

a proper log smooth integral universally saturated morphism 

9--(]lx'^ M W x".)^^'>y.) 
whose underlying morphism of schemes is the same as /"Lp -y" such that 

M V " is associated to a simple normal crossing divisor on Y ■ and that g _1 ((F • , 

j 



M F ")t r iv) is contained in (0|=i X,-j, AC p -„ 

J J_li=l 3i 



" Jtnv 
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(5) There exists a log normal crossing divisor D C ]\ s i=1 X" { such that, if we 
define M^y , > 0) as in Proposition 3.4 using D, the induced 

morphisms 

are proper log smooth integral universally saturated, and we have (Ui=i -Xj'j) 1 " 1 
(U|=i ^fjj* x'/.) triv = (Ui=i -^jj — -D) n (111=1 X/i, x'/.) triv - 

(6) For each i > s + 1, is integral, X" { — X'^ is a Cartier divisor and the 
generic fiber of : X), ■ Y ) is non-empty, geometrically irreducible. 

We prove the claim by induction on s: In the case s = 1, we apply Proposition 



4.1 to the morphism X' n — > F' to obtain the diagram 



¥'■ < Y" 

3 3 



satisfying the conclusion of Proposition 4.1. Then there exist log structures Ml-,, , 



Xjl 

M-rpn on X n ,Y • respectively and a log normal crossing divisor D in X • • satisfying 

3 3 3 3 

(2), (4) and (5) (for s = 1). Then, by the argument of the proof of the claim in [Sh4, 
6.10], we can take an open subscheme 0' Y j C Y ■ and the diagram (4.5) satisfying 
the other assertions. So the claim is true for s = 1. 

If the claim is true for s — 1, we have the diagram consisting of strict morphisms 
of pairs 

rtUix^o^J < — mAx% o! kj 



(4.6) /' 



/" 



Y,j> V 3> Yj' 

I — // — ii 

—„ , lviyii un J_ 

l»=l 



fs log structures M^ TS _i_„,M F // on U| = jX respectively, a proper log smooth 

1 I \ i 



integral universally saturated morphism g : (TJLi X" H , Mj JS -!— „ ) — ► (Y", Mp.» , 

_ 1 I X ji i 

and a log normal crossing divisor D\ C TJi=i -Xjj satisfying the properties stated in 
the claim (for s — 1). Let us apply Proposition 4.1 to the morphism x" s — > Y" to 
obtain the diagram 



RELATIVE LOG CONVERGENT COHOMOLOGY III 35 
log structures iWL«, My'" on X'" s , Y"' respectively and a log normal crossing divisor 

is i 

D2 C X- s which satisfy the analogue of the conditions (4), (5) for 's-component'. 

Let us define the reduced closed subscheme Z C y ■ as the scheme whose underlying 
space is the union of the simple normal crossing divisor corresponding to M^m and 

i 

the inverse image of the simple normal crossing divisor corresponding to My", and 

//// 111 1111 

let us take an alteration if) : V- — ► V ■ such that y ■ is smooth over 5 and 
that red is a simple normal crossing divisor on Y ■ . Then, if we denote the 

log structure associated to ip~ l (Z) vc & by My"", the morphisms ip o ip,ip induce the 

1111 11 1111 

morphisms of log schemes tp o ip : (y. , My>>») — > (Y , Mp»),*0 : (y • , My"") — > 

(¥"', Myin ) . Now let us put 

3 



s-1 s-1 



(X^M^,,) := (X^M^,) x (Fr ^ /} (y7,M Fr ), 

s s — 1 



II ^rV x"") ■= (II > ^n- 1 *"" } U (x ^"' M i' 

. -, J_1,=i^-j* ._, Ll,=i j> . 



T llll 



■lilt J 

is 



and let D C irj =1 be the disjoint union of the inverse images of Di,D 2 to 

LL1 =i Xj". Then these data satisfy the analogue of (2), (4) and (5). (To see that D 
is a log normal crossing divisor, we use Proposition 3.9.) Then, by the argument in 
the proof of the claim in [Sh4, 6.10], we see that we can form the diagram like (4.5) 
for s. So the proof of the claim is finished. 

By the claim for s = rj (for each j), we see that there exists a diagram consisting 
of strict morphism of pairs 

<X,<%) < (X,O f ) 

/' 7 

{Y\0'y) < (¥,0^ 

(we put X := X' x^i X) satisfying the following conditions: 

(1) Y C y is dense open. 

(2) y is regular. 

(3) The upper horizontal arrow is a proper covering and the lower horizontal 
arrow is a good strongly proper covering. 

(4) There exist fs log structures M~ , M~ on X, Y respectively and a proper 
log smooth integral universally saturated morphism (X, M~) — > (Y , M~) 
whose underlying morphism of schemes is / such that M^. is associated to a 
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simple normal crossing divisor on Y and that M^) triv ) is contained 

in (X, A/~)triv. 

(5) There exists a log normal crossing divisor D C X such that, if we define 
MjL, (i > 0) as in Proposition 3.4 using D, the induced morphisms 

(X, M f ) — > (F, M ? ), (D M , M|| D[i] ) — (F, M ? ) (i > 0) 

are proper log smooth integral universally saturated, and we have the equal- 
ity x n (X, Mp triv = (X - D) n (X, Ml ) triv . 

Then, by the argument in the proof of [Sh4, 6.10], we can take an open subset 
Uy Q U and the diagram (4.4) in order that all the required conditions are satisfied. 
So we are done. □ 

Using Proposition 4.3, we can prove the following theorem: 

Theorem 4.4. Let f : X — > Y be a proper morphism of schemes, let X C X be 
an open subscheme and let q G N. Then we have the diagram consisting of strict 
morphism of pairs 

(U T ,X) < (Lt,X) ^— (f^ ( .),X W ) 

A x 



(4.7) 



.f 



/ 



/(.) 



(Uy,Y) ^- (U f ,Y) = (U f ,Y) 



~ — ~ —(•) 

(we put X := X XjX,X^ := X x^X ) satisfying the following conditions: 

(1) Uy is dense in Y . 

(2) Y is regular. 

(3) The left square is Cartesian, gy is a good strongly proper covering and the 
morphism 

(xnu^T) <— (?w n ^ ( .),X (,) ) 

induced by h is a q-truncated proper hypercovering by a q-truncated split 
simplicial pair. 

~{n) ^ 

(4) There exist fs log structures Ml (n) , M~ on X ,Y respectively (n < q) such 

x Y 

that M~ is associated to a simple normal crossing divisor on Y , U^_(„) C 

y x 

~(n) ^ 

(X , MI (n) )t r iv, U~ C (Y, M~)t r iv holds and that for each n < q, there exists 
x Y Y 

~(n) 

a proper log smooth integral universally saturated morphism (X , MI (n) ) — > 

x 

(Y,M=i) whose underlying morphism of schemes is the same as f( n \ 
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~(n) 

(5) For each n < q, there exists a log normal crossing divisor D^ n > C X such 
that, if we define M~(„),Dm' (i > 0) as in Proposition 3.4 using D^ n \ the 
induced morphisms 

(X H \ M~ (n) ) — > (F, M ? ), (2?<J>, MI (n) | D („)) — (F, M ? ) (i > 0) 
are proper log smooth integral universally saturated, and we have IW n 

~(n) ~(«) , . ~{ n ) 

(X , MI (n) ) triv = (X - r> (n) ) n (X , MI (n) ) triv . (In particular, we have 
x x 

x» n = (X W - £)(»)) n [/-(„>.) 

Proof. We can prove the theorem in the same way as [Sh4, 6.11], by using Proposition 
4.3 instead of [Sh4, 6.10]. The detail is left to the reader. □ 

5. Generic overconvergence 

In this section, we prove the main theorem of this paper, that is, the generic 
overconvergence of relative rigid cohomology for any morphism when the coefficient 
is a potentially semistable overconvergent isocrystal. In particular, we obtain the 
generic overconvergence of relative rigid cohomology when the coefficient is an over- 
convergent F-isocrystal, by using Theorem 1.13. 

Note that we keep the assumption that k is perfect also in this section. The 
precise statement of the main theorem is as follows: 

Theorem 5.1. Let us assume given a morphism of pairs f : (X, X) — > (Y, Y) 
such that f : X — > Y is proper. Then, there exists a dense open set Uy of Y , a 

proper surjective map Y — > Y and a simple normal crossing divisor E on Y with 
E H U=l = (where we put U=l := Uy Xy Y) such that, for any potentially semi- 
stable overconvergent isocrystal £ on (X,X)/Sk and q e N, there exists the unique 
overconvergent isocrystal J 7 on (Uy,Y)/Sk satisfying the following condition: For 
any (U=l,Y) -triple (Z,Z,Z) over (S,S,S) such that Z is smooth over S, (E 

Z) Tcd is contained in a simple normal crossing divisor on Z and that Z is formally 
smooth over S, the restriction of T to P((Z, Z)/Sk, Z) is given functorially by 
( Rq f(Xx Y z,Xx Y z)/z,ri g *£i e )> where e ls an isomorphism 

P2R 9 f (Xx Y Z,Xx- ~Z)/Z,rig*£ ~^ f (Xx Y Z,Xx- ~Z) / Z x s Z ,rig*£ ^~ Pl^ 9 f (Xx Y Z,Xx- Z)/Z,rig*^ 

(pi denotes the i-th projection }Z[zx s z — "\Z\z)- 

Proof. First, by the argument in the beginning of the proof of [Sh4, 7.4], there exists 
a positive integer q such that, for any overconvergent isocrystal £ on (X,X)/Sk 
and any (Y, F)-triple (Z, Z, Z) over (S, S, S), we have 

R9 f{Xx Y Z^Cx Y -Z)/Z,mg*^ = 

for any q > q . 
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Let us take a proper hypercovering (X('\ X^) — > (X, X) such that each X^ is 
smooth over k and, each X^ —X^ is a simple normal crossing divisor on X^ and 
that the restriction of £ to I^((X^ n \ X^)/Sk) extends to a locally free isocrystal 
£ on (X^ / Sy°% nv = ((X^ n \ M— (n))/«S) CO nv having nilpotent residues, where M— M 

denotes the log structure on X asso dated to X (n) - XH (Th is is possible by 
[dJl] and the potential semi-stability of £). 

Next let us put q± := go(<?o + l)/2, g2 := <Zi(<7i + l)/2. By applying Theorem 4.4 to 

the proper map TIn=o — > Y and the open subscheme Un=o ^ ( '™' ) °f Un=o -^"^ 
for g = g 2) we have the following: For each < n < q±, we have the following 
diagram consisting of strict morphisms of pairs 

(f/ T( „,,X (n) ) < <-*- (t^„,<.>,f (B)W ) 



(5.1) 



x 

/(")<•> 

(^) ---- (%^) = 



which satisfies the conclusion of Theorem 4.4 for q = q 2 and that the lower hori- 
zontal line in (5.1) is independent of n. In particular, there exist fs log structures 

~{n)(m) ^_ 

MI WW , M=. on X ,Y respectively such that M=l is assciated to a simple nor- 

~{n){m) ^_ 

mal crossing divisor, C/~(n)<m> C (X , MI (n)(m> ) triv and £/~ C (F, M~) triv hold, 

X X Y Y 

and that there exists a proper log smooth integral universally saturated morphism 

— (n)(m) ~ 

(X , MI (n)(m) ) — > (F, M~) whose underlying morphism of schemes is the same 
x Y 

as j{n){m) (which we a i so denote by /WW). Moreover, there exists a log normal 

— (n){m) / w . 

crossing divisor £)w< m > in X such that, if we define M~ Dm as in 

x 

Proposition 3.4, the morphisms 



~(n)(m) jr. 

(X ,M~ (n)W ) — (y,M ? ), 



induced by f( n )( m ) are proper log smooth integral universally saturated, and that we 

— — '(/ft) {yTI} 

have the equality X^< m > n (X, Ml (n){m) ) triv = (X " - ) n (X, MI (n)<m> ) triv , 

x x 

. . ~(n)(m) ^_ 

where we denoted the inverse image of X 1 -™-' in X by X^" 1 '. 

Note that the properties in Theorem 4.4 for the diagram (5.1) remains true if we 

take a morphism of log schemes ip : (F , M~/) — > (F, M^) such that F is smooth 

over k and that M~' is a simple normal crossing divisor in F which does not meet 
U~' := (/9 _1 (L^), and replace the right square of the diagram (5.1) by the pull-back 



RELATIVE LOG CONVERGENT COHOMOLOGY III 39 
— / __ 

of it by tp : (U~',Y) — > (U=l,Y). (We use Proposition 3.9.) We can take ip to 

be the alteration in order that Y is quasi-projective smooth over S, Y — U~> is a 

simple normal crossing divisor and M~> is the log structure associated to Y — U^j. 

So, in the diagram (5.1), we may assume that Y is quasi-projective smooth over S, 
E := Y — U=l is a simple normal crossing divisor and the log structure is the 

one associated to Y — U~. 

Y 

Next we replace Uy by Uy H Y: Then all the conditions in Theorem 4.4 except 
the denseness of Uy in Y remains true. (Note that Uy is still dense in Y. So, if Y 
is dense in Y, Uy remains to be dense in Y.) 

Let us take an (C/~, Y) -triple (Z,Z,Z) over (S,S,S) as in the statement of the 

theorem. Let us denote the open immersion Z <^-> Z by jz- We prove the following 
claim: 

claim. R q f\xx Y z,xx-z)/z,ri g *£ is a coherent j^C^-module. 

Since we have R q f(xx Y zxx—z)/z rig*^ = for g > q , we may assume < q < q . Let 
us put Ez '■= (inverse image of E) TC a C Z. By assumption on the triple (Z, Z,Z), 
it is a simple normal crossing divisor in Z. Denote the log structure associated to 
E z by Since the claim is Zariski local on Z, we may assume that there exists 
a fine log structure M z on Z such that the closed immersion Z <-^> Z comes from 
an exact closed immersion (Z, <^-> (Z, M z ). 

— — — — f (n) —(")<•> 

Let us put X := X x Y Y, U— := X XyU~. Also, we put X := coskg 2 X 

x _!(«)<•> 

and denote the inverse image of C/^( n ) in X by £/^(n)». We denote the inverse 

image of X in X, X~ W , X W<,> , JC^^ by X, X» , X»<'> , X^'^, respectively. With 
this notation, we have (X x Y Z, X x F Z) = ((X n C/~) x~ Z, X x~ Z). 

Since (X (,) ,X W ) — > (X,X) is a proper hypercovering, so is (X (,) H [/-(.), X ) 

XT 

— ► (fnfc,I). Hence 

((xWnc/~ ( .)) x^z,x * } x^z) — ((xntt) x ? z,f x=f ) = (x x y z,x x F z) 

is a proper hypercovering. So, by [T3], we have the spectral sequence 

E{ " ^ Rtf {{ X^U„ (s) )x~Z^\~Z),Z,*J RS+t f(Xx Y Z,Xx-Z)/^- 

So, to prove the claim, it suffices to prove that R*f „ ^( s ) _ £ 

((X^)nU^ (a) )x~Z,X x~Z)/.Z,rig* 

is a coherent j^C^^-module for < s, t < gi. Next, since (C/-_( S )<.> , X ) — ► 
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~(s) 

(U^( S ),X ) is a proper hypercovering for for < s < q±, so is (J' s '^ fl £/^( s )<.>, 
X ) — > (IW n U~ W ,X ). Hence 

.AT 

((i (s)W n c^ ( .x.>) x ? z,f (s)(,> x ? z) — (x« n u~ w x f z,x~ (s) x ? z) 

is a proper hypercovering. So we have the spectral sequence 

'((XWWn(^ l)w )x~Z,X x~Z)/2,rig* 
((X(«)nt7„ (s) )x~Z,X x~Z)/2,rig* 

So, to prove the claim, it suffices to prove that R v f „ ^.mm _ I 

((X< s ><»>nt/ ( s)<u> )x~Z,A- x~Z)/Z,rig* 

is a coherent j z O^T -module for < s < q±,0 < u,v < qi- For such s,u, 

. j±-(s)(u) — (s)(u) 

we have n C^a.)<«> = XM< M > n U~ W{u) ,X = X . So it suffices to 

X X 

prove that R v f „ ~( S )w £ is a coherent jlCWr -module for 

((X00<«>nt/„ (s)(M> )x~Z,X x~Z)/2,rig* 1 ^ 

< s < 51, < m, f < g 2 . 

— —(s)(n) _ 

Now let us take a log blow-up ip' : (X, AC) — ► (X , Ml {s){u) ) x ~ (Z, A%) 

y 

such that X is regular. Then corresponds to a normal crossing divisor on X, 
which we denote by D v . Let us define (X, M^) in order that the following diagram 
is Cartesian: 

(X,A%) -*-> (X (S)M ,M f(s)M )x~^ ) (Z,M^) 



(X,M|) -*U (X (S)M ,MI (sHu> )x ? (Z,M^). 

Let us denote the pull-back of Z)( s )( u ) x~ Z in X by D h . Since is a log normal 

crossing divisor in X , D (s ' w x^Z is a log normal crossing divisor in X x ^-^ 

by Proposition 3.9. Then, by definition of ip above, we see that D h UD v is the normal 
crossing divisor corresponding to D h ,D v are sub normal crossing divisors of it. 
Moreover, (X, A%) is log smooth over (Z, A%), and if we define by 

D[o] := X, D[i] := the normalization of D h , 
D[j] := 2-fold fiber product of D^j over X, 

(D[j], M^luj.j) is log smooth over (Z,M-^) for any j £ ft. That is, the morphism 
(X, A%) — > (Z, Mz) and D h , D v are as in the situation in the beginning of Section 
2. 
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~ ~0)(«) ~(s)<«> 

Next, note that we have n (X ' , MI (s)M ) triv = (X - n 

~(s)(«> ~(s)(u) X 

(X , MZ (s)(u) ) tliv = (X , M~_( 3 )(u))triv This implies that the inverse image of 

x x 

( \ — ( S )W — — (s) ~(s)(u> 

X w by the morphism X x~ Z — > X contains ((X , M~( 3 )< u >) x ~ 

J ^ y \\i—k)\ij (y,m~) 



(Z, Mg-)) triv . So the diagram 



y 

comes from the diagram of log schemes 

(X,A%) (X W(U> ,M f(s)M ) x (Z,A%) — (X (S) ,M_ (S) ). 

Then the locally free isocrystal £ on (X^ / S) l °^ nv having nilpotent residues induces, 

~(s)(u) _ 

by pull-back, a locally free isocrystal on ((X x^ Z)/S) l " ( ^ lv , and the induced 

locally free isocrystal on (X/iS)j,°f lv (which we denote also by S, by abuse of notation) 
has nilpotent residues by Proposition 1.11. In particular, the diagram 

(X, ^ (X , M-ww) x ~ (Z, Mi) — > (Z, il%) (Z, M z ) 

Y 

and 8 are in the situation of Proposition 3.6 and Remark 3.7. 
Finally, note that we have 

x (s)W n c^(.x»> = (x - d^) n c^ ( .)<«, c (x , M^( S)M ) triv 

and Z C (Z, A%) triv (which follows from the equality U~(~)E = 0.) So, on X( S X M > n 

~(s)M _ 
U^.( s ){u) XyZ, the log structure of (X , M^w<«>) X ^ M _^ (^, -^%) ^ s trivial. Hence 

the morphism ^ is identity on it. That is, we have the isomorphism 

X x^ Z - D h = (X - D h ) x^ Z (X WM - Z = (X (s)(m) n C^) x^ Z. 

Let us denote the open immersion X x^Z - D h ^ X by j x . Then, by combining 
the above results, we obtain the equalities 

R v f „ _^(s)<«> £ 

((XW<«)nf7„ (3)<u) )x~Z,X x~Z)/2,rig* 

X Y Y 



R f(Xx-^Z-O h ,T)/Z,rig*^ 

,-t D» 



^ /(Xx-Z-D h ,X)/2,rig*ii^ 



= jzR v fx/z,vn*£ (Theorem 2.2, Proposition 3.6, Remark 3.7) 
and it is a coherent j^C^^-module. So we have proved the claim. 
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By using the claim, we see also that ^/(x Xy zIx-I)/2x s 2 rig/ ^ s a coherent 
jzO]z[ Zx ^-module. So, by [T2, 2.3.1], we see that the morphisms 

Pi-^ q f(Xx Y Z,Xx—Z)/Z,ng*^ > ^ f(Xx Y Z,Xx—Z)/Zx s Z,ng*^ = l'^) 

in the definition of e in the statement of the theorem are isomorphisms, and the pair 
( RQ f(Xx Y z,xx-z)/z,Ti g *£ i e ) defines an object in P((Z, Z)/S K , Z). We denote it by 

— —(•) —(o) 

Now let us take a hypercovering (Uy, Y) < — (U~(.),Y ) with (U~( ),Y ) = 

(Lt, Y) such that each Y is quasi-projective smooth over S and that Y — U~( n ) 

— W y 
is a simple normal crossing divisor in F . For each n < 2, let us take a closed 

— ( n ) ci ci 

immersion F y w such that y ,(n) is formally smooth over S. (It is possible 

because F is quasi-projective over S.) Then, following [T4, 7.3.1], we define the 
simplicial formal scheme T^(y ,( - m ^)- m by 

[n]~ n y (m) ' 

r\m\-+[n\ 

where [n] denotes the set {0, 1, • • • , n}, 7 runs through the non- decreasing maps 
[m] — > [n] and the transition maps are defined in natural way. Using this, we define 
the 2-truncated simplicial formal scheme y^ by 



:= sk 2 ( n ri(y {m) )- m ) 



0<m<2 

with the transition maps induced by those of r^ l (y'^)- m, s. Then, for < n < 2, 

—(n) 

the triple := (U~ W ,Y ,^ (n) ) is a (C/~, F)-triple satisfying the condition in 
the statement of the theorem required for (Z,Z,Z). So we have overconvergent 
isocrystals Fyw on (U~( n ),Y )/S K for n — 0, 1,2. Moreover, by [T2, 2.3.1], it is 

compatible with respect to n. So, by proper descent for overconvergent isocrystals 
([Sh4, 7.3] and [SD, 3.3.4.2]), the comptible family {^y(n)} n= o,i,2 descents to an 
overconvergent isocrystal on (Uy,Y)/SK, which we denote by T. 

The uniqueness of the overconvergent isocrystal T follows from the uniqueness of 
the comptible family {J-y{ n ) } n =o,i,2 and proper descent for overconvergent isocrystals. 
We check that, for any (Z, Z, Z) as in the statement of the theorem, the restrction 
of T to I^((Z,Z)/S K ,Z) is given by J~z '■— {R 9 f(xx Y zj(x—~z)/z,rig*£' e ) as * n ^ ne 
statement of the theorem. (The proof is similar to [Sh3, 4.8].) Let us take (Z, Z, Z) 
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as above and let us consider the following diagram 
(5.2) 

P((u Y ,Y)/s K ) ► i\{u^f)/s K ) P((u f ,f)/s K ,yM) 

i^(z,z)/s K ,z) i\(z,z)/s K ,zx s yW), 

where all the functors are restrictions. Then, by definition, T is sent to Fy(o) by 
the composite of horizontal arrows and it is sent to J-zx s y<fi) by the right vertical 
arrow (by functoriality of relative rigid cohomology). On the other hand, the over- 
convergent isocrystal Tz is sent to J r Zxs y(°) by the lower horizontal arrow (again by 
functoriality of relative rigid cohomology). So, by the commutativity of the diagram 

(5.2) , we see that the restriction of T to I^((Z, Z)/S K , Z) is given by T z . 
Finally we prove the functoriality of the above expression. Let p> : (Z', Z , Z') — > 

(Z, Z, Z') be a morphism of (U^., F)-triples over (S, S, S) satisfying the condition in 

the statement of the theorem required for (Z, Z, Z). Then we have two morphisms 
of the form 

(5.3) p?T z — > T z > ■ 

One is the morphism induced by the functoriality of the relative rigid cohomology 
and the other is the morphism induced by the isocrystal structure of T . We should 
prove that they are equal. Let us consider the following commutative diagram 

p((z,z)/s K ,z) P((z,z)/s K ,zx s yW) 
i\{z'X)/s K ,z') ii((z',z)/s K ,z>x s yW), 

where p*, p'* are the restriction functors induced by tp and tt, it' are the restriction 
functors induced by Z x s y^ — > Z,Z' x 5 y^ — ► Z', respectively. Then, 
by looking at the argument in the previous paragraph, we see that either of the 
morphisms (5.3) fits into the following diagram 

tt <p J-z ► <p -rzx s yw 

-k'*T Z ' ► Fz'xsym, 

where the left vertical arrow is the pull-back of the morphism (5.3) by n'* and the 
other arrows are induced by the functoriality of relative rigid cohomology. Since n'* 
is an equivalence of categories, we see that the two morphisms (5.3) are equal. So 
we have proved the functoriality and the proof of the theorem is now finished. □ 

By using Theorem 5.1 repeatedly, we obtain the following corollary, which says a 
kind of constructibility of relative rigid cohomology: 
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Corollary 5.2. Let us assume given a morphism of pairs f : (X, X) — > (Y,Y) 
such that f : X — > Y is proper. Then, there exists a stratification Y = Uf =0 Yi 
of Y by locally closed subschemes Yi with Y- = LJj>i^j (where Y- denotes the clo- 
sure of Yi in Y) and proper surjective maps Yi — > Yi (0 < i < d) (where Yi 
denotes the closure of Yi in Y) and a simple normal crossing divisor Ei on Yi with 
Ei fl Y = (where we put Y := Yi Xy. Yi) such that, for any potentially semi- 
stable overconvergent isocrystal £ on (X, X)/Sk and q G N, there exist uniquely 
the overconvergent isocrystals T on (Yi,Y \) / 'Sk (0 < i < d) satisfying the follow- 
ing condition: For any (Y, Y \)-triple (Z, Z, Z) over (S, S, S) such that Z is smooth 
over S, (Ei x~ Z\ c & is contained in a simple normal crossing divisor on Z and 

Y i 

that Z is formally smooth over S, the restriction of Ti to l\(Z, Z)/Sk, Z) is given 
functorially by (R q f\xx Y zlcx— ~z)/z,r\g*£i e )> where e is an isomorphism 

P2 R9 f(Xx Y Z,Xx-Z)/Z,rig*£ ~^ ^/(Xx y Z,Ix-I)/2x s 2,rig/ *~ Pl R9 f (Xx Y Z,Xx Y Z)/Z,rig* £ 

(pj denotes the j-th projection }Z\zx s z — >]Z[z)- 

Proof. We may replace Y by the closure of Y in Y. As we remarked in the proof 
in Theorem 5.1, we can take the open set Uy in Theorem 5.1 to be dense in Y if Y 
is dense in Y. So we can take a dense open set Y C Y such that the conclusion of 
the corollary holds for i = 0. Then put Y{ :— Y — Yq, Yi its closure in Y and apply 
Theorem 5.1 to the pull-back of / by (Y(,Yi) — > (Y,Y): Then we have an open 
dense subscheme Y 1 in Y{ such that the conclusion of the corollary is true for i — 1. 
Repeating this process, we can prove the corollary. □ 

Combining with Theorem 1.13, we obtain the following corollary. 

Corollary 5.3. Let us assume given a morphism of pairs f : (X, X) — > (Y,Y) 
such that f : X — > Y is proper. Then, 

(1) There exists a dense open set Uy of Y , a proper surjective map Y — ► Y 
and a simple normal crossing divisor E on Y with E fl Uy = (where we 

put U— := Uy Xy Y) such that, for any overconvergent F -isocrystal £ on 

(X, X)/Sr o,nd q G N, there exists the unique overconvergent isocrystal T 
on (Uy,Y) I Sk satisfying the condition of Theorem 5.1. 

(2) Moreover, there exists a stratification Y = Uf =0 Y± ofY by locally closed sub- 
schemes Yi with Y( = Uj^Yj (where Y( denotes the closure ofYi in Y) and 

proper surjective maps Yi — > Yi (0 < i < d) (where Yi denotes the closure 
of Yi in Y) and a simple normal crossing divisor Ei on Yi with Ei HY — 
(where we put Yi := Yi Xy.Yi) such that, for any overconvergent F -isocrystal 
£ on (X,X)/Sk and q G N, there exist uniquely the overconvergent isocrys- 
tals Ti on {Y^Y^/Sk (0 < i < d) satisfying the conclusion of Corollary 
5.2. 
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Furthermore, the overconvergent isocrystals T , Ti have Frobenius structures which 
are induced by the Frobenius structure of S. 

Proof. The assertions except the last one follow immediately from Theorem 5.1, 
Corollary 5.2 and Theorem 1.13. As for the last assertion, we can argue as in the 
proof of [Sh3, 5.16] (see also Theorem 2.4) to reduce to the case Y = Y is equal 
to S, and in this case, the assertion follows from the bijectivity of the Frobenius 
endomorphism of the (absolute) rigid cohomology: In smooth case, it is shown in 
Theorem 2.4 and we can reduce the general case to the smooth case by using proper 
descent of rigid cohomology. So we are done. □ 
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